The first Erdos cardinal x(w) and tree constructions

Definition
The first w—Erdos cardinal x(w) is the smallest uncountable cardinal
such that for every function f from the finite subsets of s to 2 there

exist an infinite subset X C k and a function g : w — 2 such that
f(Y) = g(]Y|) holds for all finite subsets Y of X.

k(w) is strongly inaccessible, see
T. Jech [ Set Theory, Monographs in Mathematics, Springer, Berlin
2002].



o If A < k(w) is a cardinal, then consider the tree T\ = “~\
={n:n— X|n <w} with bottom L= ().

n=n(0)"n(1)"... n(n — 1) has length lg(n) = Domn = n.
Put = =n(1)"..."n(n —1).
The ordering: If n,v € T, then v Cn <= 7n[Domv = v.

If n € “Z\, then [n] = {nn|n <lg(n)} C T denotes the
support of 7.

@ Old wine in new skins: A subtree 7" C T)\ is noetherian if any
ascending chain of branches terminates after finitely many steps.

@ Thus T is noetherian <= [n] £ T Vn € “A.

@ T is a (2—)coloured tree, if ¢ : T'— 2 = {0,1} is the colouring
map. Write 7 = (T, ¢).



Tree homomorphisms

o If T, T are trees, then n : T'— T" is a homomorphism, if 1
preserves levels and initial segments.

o If T=(T,c), T"=(T",() are coloured tree, then a
homomorphism ¢ : T — T is colour preserving if ¢/(ny) = ¢(n)
forallneT.




The Main Theorem Part 2

[Shelah 1982] If2 < k < k(w) < X are cardinals, Ty = “~ X\ and T,
(o < X) is a family of subtrees of T\ with a k-colouring

Ca : To — K, then there are a generic extension of the universe and
distinct v, 8 € X such that Hom(7,, Tp) # 0.

Conclusion: We want to assume that A < k(w)



The Main Theorem Part 1

Theorem

[Shelah 1982] If A < k(w) is an infinite cardinal and T = “~ ), there
is a family To, (o € 2*) of 2-coloured subtrees of T, (of size \) such

that in any generic extension of the universe the following holds for
A
o, B € 27

Hom(74,78) # 0 = o = .

RENELS

| A

o Such a family of coloured trees (Ta, c) (a < 2*) is called an
absolutely rigid family of trees of size A.

o Cosmetics: In [Shelah 1982] 2 is w and 2* is \.

o [Shelah 1982] is a long important paper: Better quasi—orders for
uncountable cardinals, Israel J. Math. 42 (1982), 177 — 226.

Conclusion: We want a shorter proof of Part 1. [Herden 2011],
[Gobel,Pokutta 2011]



Old partition principles

Essentially Silver and Rowbottom, see Drake Set Theory,
North-Holland (1974), with some variation from Herden:

Definition

0 7 ={v:n—r|v(i)#vi+1) foralli+1<n, n<w}

0 “k? ={v:w—k|v@)#£v@i+1) forallit+1l<w}

0 1 % (w)}¥ <= for every function I : “>k7 — \ there exists
some 1) € “k7 with F(n[4) = F(n~ [4) for all i < w.

Theorem (Silver, Fund. Math 69 (1970), 93-100.)

A< k(w) = X 5 (W),




Noetherian trees

Definition

Let T C T) be a tree and v € T'. All immediate successors of v are
Sv)={peT|vCplglp) =lgv)+1}.

Twvl={peT|vCp, or pCr}isa subtree of T.

A depth function on T is a mapping § : T — | T |t such that the
following holds.

o If v € T is maximal in T (i.e. S(v) =0), then 6(v) =0
o If v € T is not maximal, then §(v) =sup{d(p)+1|pe€ S(v)}.

Proposition

A subtree T' C T\ is noetherian if and only if there exists a depth
function § : T — | T |*.




Absoluteness

Lemma
Let T1,T5 C T\ with be the depth functions 0;, if they exists. Then

there is a homomorphism

f:Ty — Ty < 1T5 is not noetherian or

Ty, Ty are both noetherian with 61(L) < da(L).

Let M C N be extensions of transitive models of ZFC.

The class of noetherian subtrees of T’ is absolute, which means that
a tree T' is noetherian in a model M if and only if T belongs to M

and is noetherian in IN.

Conclusion: Now we can prove [Shelah 1982 Part 1] quickly.
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