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In this paper we establish the equivalence of the two existing definitions of Picard-
Vessiot extension of partial differential fields and we give an equivalent statement of
the Jacobian conjecture in terms of Picard-Vessiot extensions.

We denote as usual by K(S) the differential field differentially generated by the set
S and by Cf the field of constants of a differential field K.

Kolchin gave in [K] a definition of Picard-Vessiot extension for partial differential
fields which is a generalization of the definition of Picard-Vessiot extension associated
to a linear differential operator defined over an ordinary differential field. To a partial

differential field extension L|K, with derivations 0, ..., 0, he associates an ordinary
differential field extension Lp|Kp, where Kp := K{uy,...,Up), Lp = L{uy, ..., uy),
with wuq,...,u, independent differential indeterminates, and the derivation is D :=

w101+ -+ Op,. Kolchin defines L| K to be a Picard-Vessiot extension when it satisfies
condition 1. in Theorem 1 below and C; = Ck. Following Kolchin, for elements
M, -..,N, in a differential field L and 64, .. .46, differential operators defined on L, we
denote by Wy, g, (m1,...,n,) the wronskian determinant det((6;(7;))1<i j<n). Kolchin
proves that L| K is Picard-Vessiot if and only if Lp|Kp is Picard-Vessiot and proves that
the differential Galois groups Gy;ff(L|K) and Gy;ifrr(Lp|Kp) are isomorphic. In [P-§]
Picard-Vessiot theory for partial differential fields is sketched in terms of differential
systems. A Picard-Vessiot extension L|K is there defined by condition 3. in Theorem
1 below and C, = C'x. The theory in all detail has been worked out by Heiderich in
[H]. The next theorem establishes the equivalence of the two definitions.

Theorem 1 Let L|K be a partial differential field extension, with derivations Oy, . . ., Op,
such that Cp, = C'x. The following conditions are equivalent.

1. L=K{n,...,n,), where ny,...,n, are linearly independent over constants and
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for all n-tuples 0, .. .6, of order < n of the semi-group of differential operators gen-
erated by O, ...,0n and some fized Oy, . . .0, such that Woy, g0, (M1, ..., 1mn) # 0.

2. (i) L=K(E), where E C L is a finite dimensional Ck-vector space.

(i1) there exists a group G of differential automorphisms of L such that E is G-
stable and L¢ = K.

3. L =K{vijh<ij<r), wherey = (yij)1<ij<r s a fundamental matriz of a differential
system ORY = ALY, with Ay € My, (K), 1 < k < m, i.e. y is invertible and
satisfies Opy = Ay, for 1 <k <m.

Proof.
1. = 2.

Let E be the Ck-vector space generated by n,...,m,. Then condition 2.(i) is
clearly fulfilled. Let G be the full group Ggs¢(L|K) of differential K-automorphisms
of L. We have LY = K ([K] Theorem 2). It remains to prove that for all ¢ € G,
we have on; = > ¢;n; for some ¢;; € Ck. This comes from the fact that Lp|Kp

is a Picard-Vessiot extension of ordinary differential fields, Lp = Kp{(m,...,n,) and
Gaiff(Lp|Kp) ~ Gaigs(L|K) (see [K]).
2. = 3.

Let y1,...,y, be a Cg-basis of E. As y,...,y, are linearly independent over con-

stants, there exist differential operators 6oy, .. ., 0o, such that Wy, e, (v1,.-.,yr) # 0.
Let y be the matrix (6o;(v:))1<i,j<r- Then y is invertible and L is differentially generated
over K by the entries of 3. Let us see that 9;(y)y~! is a matrix with entries in K, for
1 <1< m. As E is G-invariant, we have, for all 0 € G, o(y;) = >_._, ¢, for some ¢;;
in Ck. Then o(Ook(y;)) = D _i; ¢ijbor(yi), for 1 < j,k < r. We obtain then o(y) = yC,
where C' = (¢;;) is a matrix with entries in Cx. Then, as ¢ is a differential auto-
morphism, we have o((9y)y ) = o(3w)(o(y~) = Alo(y)ry) ! = A{yC)(yC) ™ =
O1(y)y~'. As this yields for all o in G, we obtain 9;(y)y™ € M,x,.(K),1 <1< m.

3. = 2.

Let E be the Ck-vector space generated by the entries y;; of the fundamental matrix.
Then L = K(E). We take G = Gg;s¢(L|K). We have LY = K by the Fundamental
Theorem of Picard-Vessiot theory. We prove that G(E) C E. For 0 € G, we have
Oi(oy) = a(0y) = o(Ay) = Ao(y). So, oy is a fundamental matrix of the differential
system 0,Y = A,Y, hence oy = yC, with C' € M, (Ck). So, oyi; = > 1y CkjVix € E,
for1 <i, 5 <r.

2. = 1.
Let my,...,m, be a basis of the Cx-vector space E. Then L = K(ny,...,n,). As the
elements s, . .., n, are linearly independent over constants, we have Wy, g, (01, .- 7n)

# 0, for some 01, ...0,. Now, if 0 € G, o(n;) = >, ¢ijni, as E is G-invariant. Then
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with C' = (¢;;), for all 0 € G and every n-tuple 6,,...6,. Hence the quotient
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is fixed by the action of G and is then in K.O
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Remark 1 In the ordinary case, if condition 1. in Theorem 1 is fulfilled, we have
det((nl-(]))lgigmogjgn_l) # 0 and {n,...,n,} is a fundamental set of solutions of the
linear differential equation of order n with coefficients in K

Y omo . om
)
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Remark 2 In the ordinary case, the equivalence between 1. and 2. is given by Magid
in [M].

Remark 3 In the ordinary case, we can associate to a differential system given by an
n X n matrix an equivalent system corresponding to a linear differential equation of
order n, by means of cyclic vectors.

We give now an equivalent statement of the Jacobian conjecture in terms of Picard-
Vessiot extensions. Let K be a field of characteristic 0 and F' := (Fy, Fs, ..., F,) be
a polynomial function defined on the field of rational functions K(zy, xs,...,x,). We
consider the Jacobian matrix

O(Fy, Fy, ..., Fy)

O(z1, 9, ..., Ty)

J =

and assume that the Jacobian determinant |J| is a non zero constant. The field
K(xy,xo,...,x,) is then a differential field with the Nambu derivations defined by

51 8/81‘1

0 a/0
1) T e

S 0/0x,

(see [N]). It is easy to check that the field K(F7y, Fy, ..., F,,) is stable under {0, 02, . .., 0y, }



Theorem 2 We assume that K is algebraically closed. Let F = (Fy, Fy, ..., F,) be a
polynomial function defined on K(xq,xo, ..., x,) such that |J| € K\{0}. The following
conditions are equivalent.

1. The function F s invertible and its inverse is a polynomial function.

2. The differential field (K(xy, 29, ..., 2,),{01,02,...,0,}) is a Picard-Vessiot exten-
sion of K.

3. The finite field extension K(x1,xs, ..., 2,)|K(F1, Fy, ..., F,) is a Galois extension.

4. The elements xy, ..., x, satisfy Ws, s, (z1,...,2,) # 0 and

ngymgn (:L‘l, e ,Jin)
W51...5n (.ﬂUl, .. 71:71)

€K(F, Fy,...,F,)

for all n-tuples 01, . ..,0, of order < n+1 of the semi-group of differential operators
generated by 01, ...,0,.

Proof.

1. = 2. If F is invertible, we have K(Fy, Fy, ..., F,) = K(x1, 29, ..., 2,). By (1), we
have 0;(F}) = 6;;, so the conditions in Theorem 1 1. are satisfied if we take 1, Fy, ..., F),
as the extension generators and 1,9y, ..., 9, as the operators 0;.

2. = 3. As (K(zq,x9,...,2,),{01,02,...,0,}) is a Picard-Vessiot extension of K and
K(Fy, Fs, ..., F,) is an intermediate differential field, we have that K(z1, xs,...,2,)isa
Picard-Vessiot extension of K(F, Fy, ..., F,). As the constant field is the algebraically
closed field K, the extension K(xy, z, ..., z,)|K(F, Fy, ..., F,) is a Galois extension.
3. = 1. This is a Theorem of Campbell (see [C] or [E]).

1. = 4. By (1), we have (6;(z;)) = J 7, s0o W5, 5. (x1,...,2,) = det(d;(z;)) = |J|7' €
K\ {0}. Now Wy, g, (x1,...,2,)/W;s, s, (x1,...,2,) is clearly in K(xy,...,x,), so in
K(Fy,..., F,).

4. = 3. Condition 1. in Theorem 1 is satisfied by the elements 1,x4,...,z, and
the derivations 1,01,...,d,, so the extension K(xy,zo,...,2,)|K(F1, Fy, ..., F,) is a
Picard-Vessiot extension, hence a Galois extension.
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