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Abstract. For K a field of characteristic 3 we give explicitly the whole family of Galois
extensions of K with Galois group 2% Sy * Dg and determine the discriminant of such an
extension.

1 Introduction

In this paper we give explicitly the whole family of Galois extensions of a field K of
characteristic 3 with Galois group 2%S4 * Dg and determine the discriminant of such
an extension. This result improves the one obtained in [3] by dropping the condition
assumed there that the fields considered contain the field Fg of nine elements. In the
case when K is the field of fractions of the formal power series ring in 3 variables over
a field k of characteristic 3, the explicit determination of its 2754 * Dg-coverings and
their discriminant is interesting in the context of Abhyankar’s Normal Crossings Local
Conjecture (see [2], [4] as well as the Introduction in [3]).

2 Preliminaries

We denote by 215, the double cover of the symmetric group S,, in which transpositions
lift to involutions and products of two disjoint transpositions lift to elements of order
4 and by Dg the dihedral group of order 8, which is a double cover of the Klein group
Vi. Let K be a field of characteristic different from 2 and let L|K be a Galois extension
with Galois group the group 2%Sy * Dg. Then if L is the field fixed by the center of
2% Sy x Dg, we have Gal(L|K) ~ Sy x V4 and for Ly, Lo the fixed subfields of L by
V4 and Sy, respectively, we have Gal(L1|K) ~ Sy and Gal(Ls2|K) ~ Vj. Therefore we
obtain the whole family of Galois extensions with Galois group 2+Sy * Dg of a field K
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by constructing the whole family of 275, * Dg-extensions containing a given arbitrary
Sy-extension of the field K. Let us now be given a polynomial f(X) € K[X] of degree
4 with Galois group Sy and splitting field Ly over K. We want to determine when [
is embeddable in a Galois extension of K with Galois group 275, * Dg. This fact is
equivalent to the existence of a Galois extension Lo|K with Galois group Vj, disjoint
from L1, and such that, if L is the compositum of L; and Lo, the Galois embedding
problem

(1) 2+S4 * Dg — 54 X V4 ~ Gal(L\K)

is solvable. We recall that a solution to this embedding problem is a quadratic extension
L of the field L, which is a Galois extension of K with Galois group 2%S, * Dg and
such that the restriction epimorphism between the Galois groups Gal(L|K) — Gal(L|K)
agrees with the given epimorphism 2S5, * Dg —» Sy x Vy. If L= L(,/7) is a solution,
then the general solution is L(,/r7),r € K*. Given a Galois extension L;|K with Galois
group Sy, in order to obtain all 275, * Dg-extensions of K containing L, we have to
determine all Vj-extensions Lo of K, disjoint from Li, and such that the embedding
problem (1) is solvable.

Let E = K[X]/(f(X)), for f(X) the polynomial of degree 4 realizing L; and let d be
the discriminant of the polynomial f(X). Let Ly = K(y/a,Vb). The obstruction to the
solvability of the embedding problem (1) is equal to w(Qg).(2,d).(a,b) € H*(Gg, {+1}),
where Q denotes the trace form of the extension E|K and (-,-) a Hilbert symbol (see
3)).

From now on, we assume that K is a field of characteristic 3. We write f(X) =
X% + 59X2 — 53X + s4. By computation of the trace form Qg, we obtain that the
solvability of the embedding problem (1) is equivalent to

(2) (—dsa, —(s% — 84)82) = (a,b).

3 Main results

Theorem 1 Let K be a field of characteristic 3, f(X) = X* +52X% — 53X +54 € K[X],
with Galois group Sy and Ly the splitting field of f(X) over K. Let d = s+ 5353+ 5354 —
s%’sg the discriminant of the polynomial f(X). The family of elements a,b in K such
that (a,b) = (—ds2, —mss), where m = s3 — sy, can be given in terms of an arbitrary

invertible matriv P = (pij)i<ij<3 € GL(3, K) as a = —dA, b= —samF, where

A = sopiy +mph +dmsaphy

F = dmP%+dsoPL+P% . with Py = ' Pii Pij

Pji  Djj

Let Ly = K(/a, \/l;) and assume that Lo|K has Galois group Vy and L1 N Ly = K

(i.e. that the elements a,b,ab, da,db, dab are not squares in K). Let L = Ly - Ly. For x
a root of the polynomial f(X), take y = ag + a1 + asx?® + azx®, with
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ap = —S20a9
a1 = —dm(nsapi1Pag + p21 P33 + mnpa1 P13 + dsaopsi Pas) + my/a(dPis — nPs3)

as = dSQ(pHng + 8%83p11P23 + msas3pay P13 — dmpglplg) + 82\/&(8283P33 — dP23)
az = —dmsa(sop11Pag + mpa1 Pi3) — msay/aPss,

where n = s3 + s4. Then L(\/Ty),r € K*, is the general solution to the embedding
problem

278y Dg — Sy x Vy ~ Gal(L|K).

Proof. By [5], 3.2, the equality of Hilbert symbols (2) is equivalent to the K-equivalence
of quadratic forms

(3) (—ds2, —msa, —dm) ~ (a,b, —ab).

The family of quadratic forms K-equivalent to R := (—dsg, —msa, —dm) is given by
PTRP, for P running over GL(3,K). By diagonalizing P!RP, we obtain
(—dA, —somF, —dAsomF), with A and F' as in the statement. Let a = —dA, b = —somF.
Now, we have (a,b) =1 € HQ(GK(\/(;),{:H}) and, as a ¢ K? and L; N K(ya) = K,
the extension Li(y/a)|K(y/a) has Galois group S; and the Galois embedding prob-
lem 2tS; — Sy ~ Gal(L1(v/a)|K(\/a)) is solvable. Then, by Abhyankar’s Embed-
ding Criterion (see [1], [3]), L1(y/a) is the splitting field of a polynomial of the form
Y4+ c3Y + ¢4 € K(y/a)[Y], so there exists elements ag,a1,az,as € K(y/a) such that
the irreducible polynomial over K (y/a) of the element y = ag + a12 + asx? + azx® has
such a form. By computation, this is equivalent to the conditions ap = —asss and
Q(a1,as,a3) == s2a3 + (83 — s4)a3 + sya3 + (s5 + sa)aras + 2s2s3a2a3 = 0. Moreover,
by Abhyankar’s Polynomial Theorem (see [1], [3]), the splitting field of the polyno-
mial Irr(,/y, K(y/a)), that is the field Li(y/a)(,/y), is a solution to the Galois embed-
ding problem 2%S; — Sy ~ Gal(Li(y/a)|K(y/a)). Our aim now is to compute ex-
plicitly such elements a;. Diagonalizing @), we obtain (s9, m, somd) and from (3) we
get (s, m, samd) ~ (A, samAF, symFd) and the basis change matrix can be written
down explicitly in terms of the matrix P. Now the vector (0,d,/a) € K(y/a)® ani-
hilates the quadratic form (A, somAF, somFd) and from it we obtain the values for
ay,as,as € K(y/a) such that Q(a1,az,as) =0.

We want to see now that L(,/y)|K is a Galois extension with Galois group 2% S, * Ds.
By the assumption L; N Ly = K, we have Gal(L(y/y)|L2) ~ 27 S;. We consider now the
behaviour of y under the action of Gal(L2|K). Let r,s,t be the non trivial elements
of Gal(Ly|K) fixing respectively vab, Vb, /a. By computation we obtain y°y = d*h?b,
where h = msop312® — (p21 + s383p31)x% + (mnps1 — p11)T + S5s3p31 + sapar. Now
y € K(Va)(z), so y* = y and y" = y* so L(y/y) is Galois over K. Now we have
(dhv/b)* = dh/b and (dh/b)" = —dhV/b, so Gal(L(,/y)|L1) ~ Ds, with L(\/y)|L1(Vab)
cyclic, hence Gal(L(y/y)|K) ~ 27 Sy« Dg. O



Proposition 1 Let the fields K and L and the elements s, s3,54,d, a, b, m, p;; and y
be as in Theorem 1. We have

disc(L(y/7)|K) = d"**a%p'2° D'?

where

D = s4piy — sas3piiPa1 + msoptipsy — mszpuipyy + (m® — s253)p;
+dp31 (p}y +ms3ptipa1 + s3psy +mPsapaips;) — d*piy (s253p21 + mpn) + dPpy;.
Proof. We have disc(L(y/y)|K) = disc(L|K)* - Ny x(y) and disc(L|K) = (dab)*®. Now
N () = (N, (vayx®)? and Npayix (¥) = Niyx (N (vay iz, (%) = Niy ik (d2h?D) =
d*8p*N L1 x(h)?, for h as in the proof of Theorem 1. By computation, we obtain
Np, i (k) = D%, for D as in the statement.

4 Example

Let K = k((Z1,Z2,Z3)) be the field of fractions of the formal power series ring in
3 variables over a field k of characteristic 3. We consider the family of polynomials
fi(X) = X* + Z1X2 + ZoX + ZL € K[X], where [ is a positive integer number, i.e.
we are taking so = 71,83 = —Z2,84 = Z:l)). We can check that the polynomial f; has
Galois group Sy over K, for all [ € N, and let L; be the splitting field of f over K.
We consider the extension Ls|K generated by the elements /—dsa, \/—msa, v —dm. We
can check that the elements —dso, —mso, —dm, —so, —dmso, —m are not squares in K
and so, Lo|K has Galois group V4 and is disjoint with L;|K. Let L = Ly - Ly. Let y
be the element given by Theorem 1 for the matrix P, such that pis = pog = p31 = 1
and the other entries are equal to zero. Then we have Gal(L(\/y)|K) ~ 27 Sy % Dg, with
L(\/y)|L1(v/—dsz2) cyclic. By applying Proposition 1, we see that the discriminantial
locus remains unchanged when going from L to L(,/y).
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