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Abstract

We consider market models where the stock price process is driven by
a non-homogeneous Lévy process. In general, these market models are
incomplete but can be completed by introducing in the market an infinite
set of new assets, the power-jump assets. We use the martingale method
in order to obtain the optimal portfolios in these markets.
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1 Introduction

In our paper we consider market models where the stock price process S =
{St, t ∈ [0, T ]} is modelled by the stochastic differential equation

dSt

St−
= dZt, S0 > 0,

where Z = {Zt, t ∈ [0, T ]} is a non-homogeneous Lévy process. These models
are very well adapted to the term behaviour of the option prices as is shown in
[4]. They also capture very well the behavior of bond markets (see [10]).

If Z is a standard Brownian motion or a Poisson process then our market
model is complete. Otherwise, our market model is incomplete, in the sense
that contingent claims cannot, in general, be hedged by a self-financing port-
folio consisting of investments in the stock and in a riskfree asset. Indeed, in
these incomplete markets there are many equivalent martingale measures and
therefore there is not a unique way to price the contingent claims. However,
since these contingent claims cannot be hedged then, if they are traded in the
market, we can use them as new nonredundant assets in which we can invest our
wealth and form portfolios consisting of stocks, bonds and these new assets. In
[9], the authors complete a geometric Lévy market model by using a sequence of
new assets related to power-jump processes of the underlying Lévy process. On
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the other hand, Balland [1] and Carr and Madam [5], have used representation
formulas in order to replicate complex derivatives or artificial assets (such as the
power jump assets) by using european call and put options and complete the
market with the introduction of these options [3]. This was also the approach
followed in [7], for non-homogeneous Lévy models.

In a complete model (e.g. the Black-Scholes model [2]) we can obtain the
optimal portfolio which maximizes the terminal expected utility by decomposing
the problem in two parts, by the so-called martingale method. First, we find the
optimal wealth and then we can obtain the hedging portfolio which replicates
this wealth. In this paper, we consider the problem of optimal investment
in a non-homogeneous Lévy process. The related problem in the context of
Lévy processes was studied in [8]. The optimization consists in choosing an
optimal portfolio in such a way that we obtain the largest expected utility of
the terminal wealth. For particular choices of the equivalent martingale measure
in the market, we prove that the optimal portfolio consists only of bonds and
stocks. This is a consequence of completing the market with new assets in
such a way that they are superfluous. This means that we do not increase the
terminal expected utility by including these superfluous assets in our portfolio.
However, in general, since our market is incomplete, in order to obtain the
optimal portfolio we must complete the market by introducing the power-jump
assets and then we obtain the optimal portfolio in terms of bonds, stocks and
these new assets.

The paper is organized as follows. In section 2, we define our market model.
In section 3, we discuss the completeness of the model, and we introduce the
power-jump assets by which we will complete the market. We present also a
useful characterization of the equivalent martingale measures in the market. In
section 4 we present our main results. After introducing the utility functions,
we obtain the optimal terminal wealth and the optimal portfolio by replicating
the optimal wealth. Finally, we present some examples.

2 The geometric non-homogeneous Lévy model

Consider a market model where the stock price process S = {St, t ∈ [0, T ]} is a
stochastic exponential which satisfies the stochastic differential equation

dSt

St−
= dZt, S0 > 0, (1)

where Z = {Zt, t ∈ [0, T ]} is an additive process. In our market, we have also a
riskless asset or bond B with dynamics

Bt = exp
(∫ t

0

rsds

)
, (2)

where rt is the deterministic spot interest rate at time t.
For a comprehensive review on additive processes we refer to [11] and [14].

Let us just recall the definition and its main properties. Additive processes are
generalizations of Lévy processes where the increments are non stationary. An
additive process is simply a real-valued stochastic process Z = {Zt, t ∈ [0, T ]},
defined on a complete filtered probability space (Ω,F , F, P) which is stochasti-
cally continuous and has independent increments. The filtration F = {Ft, t ∈ [0, T ]}
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is the natural filtration generated by the stock price process S and the P-null
sets. Since any additive process Z has a càdlàg modification (see [14], page
63), we shall always assume that we are dealing with this modification. If Z
is an additive process then Zt has an infinitely divisible distribution for all t,
which is determined by its system of generating triplets (Γt, Ct, µt), where the
location parameter Γt is a continuous function, the Gaussian covariance Ct is a
nonnegative and increasing continuous function and the generalized Lévy mea-
sure µt is an increasing (in t) positive measure on R such that µt ({0}) = 0,
µs (B) → µt (B) as s → t for all measurable sets B ⊂ {x : |x| ≥ ε} , for some
ε > 0, and ∫

R

(
1 ∧ x2

)
µt(dx) < ∞, (3)

for all t ∈ [0, T ] .
Every additive process Z satisfies the Lévy-Itô decomposition (see [14], page

120)
Zt = X1

t + X2
t ,

where X2 is a continuous process and

X1
t = lim

ε↘0

∫
{s∈(0,t],ε<|x|<1}

x(Q(ds,dx)− µ̃(d (s, x))+
∫
{s∈(0,t],|x|≥1}

xQ(ds,dx),

where Q (ds,dx) is a Poisson random measure on [0, T ]× R\{0} with intensity
measure µ̃ (d (s, x)) and this intensity measure is given by µ̃ ((0, t]×B) = µt(B)
for all measurable set B. The first integral in the decomposition of X1 as zero
mean and its convergence, when ε ↘ 0, is uniform in t on any bounded inter-
val. Moreover, the processes X1 and X2 are additive processes with generating
triplets (0, 0, µt) and (Γt, Ct, 0), respectively.

In order to be able to consider stochastic integrals and stochastic differential
equations driven by additive processes we must require these processes to be
semimartingales. This does not necessarily occurs. Note that continuous de-
terministic processes with unbounded variation are additive processes but are
not semimartingales. In this paper, we shall consider the subclass of natural
additive processes defined by Sato in [15]. An additive process is natural if the
location parameter Γt has bounded variation. The natural additive processes are
precisely the additive processes which are semimartingales (see [15], Theorem
2.6, Proposition 2.10 and [11], Corollary 5.11, page 116). Moreover, they have
a factoring, which is a pair ({ρt : t ∈ [0, T ]} , σ), where σ is a continuous (atom-
less) finite measure on [0, T ] (e.g., the Lebesgue measure) and {ρt : t ∈ [0, T ]} is
a family of infinitely divisible distributions such that the characteristic function
of Zt is given by exp

∫ t

0
log (ρ̂s (u))σ (ds) ,where ρ̂s is the characteristic function

of ρs. The generating triplet of ρt is denoted by
(
γt, c

2
t , νt

)
and we have that

(see [15], Theorem 2.6 and Lemma 2.7, page 216)

Γt =
∫ t

0

γsσ (ds) ,

Ct =
∫ t

0

c2
sσ (ds) ,

µt (B) =
∫ t

0

νs (B)σ (ds) ,∀B ∈ B (R)
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By (3), we have that the family {νt}t∈[0,T ] satisfies∫ T

0

(∫
R

(
1 ∧ x2

)
νt(dx)

)
σ (ds) < ∞,

for all t ∈ [0, T ]. For natural additive processes, the generalized version of the
Lévy-Itô decomposition reads

Zt =
∫ t

0

csdWs + Xt, (4)

where W = {Wt, t ∈ [0, T ]} is a Brownian motion and X = {Xt, t ∈ [0, T ]} is a
jump process independent of W , given by

Xt =
∫
{s∈(0,t],|x|<1}

x (Q(σ(ds),dx)− νs(dx)σ(ds))

+
∫
{s∈(0,t],|x|≥1}

xQ(σ(ds),dx) +
∫ t

0

γsσ(ds),

where Q(σ(dt),dx) is a Poisson random measure on [0, T ]×R\{0} with intensity
measure νt (dx) σ(dt).

In this paper, we consider only natural additive processes where σ(dt) =dt
is the Lebesgue measure. This kind of processes are usually referred in the liter-
ature as non-homogeneous Lévy processes (see, for instance, [10]) and are char-
acterized by the so-called local characteristics triplet

(
γt, c

2
t , νt

)
.The quadratic

variation process of a non-homogeneous Lévy process Z is given by

[Z,Z]t =
∫ t

0

c2
sds +

∑
s∈(0,t]

|∆Zs|2

We require the family of Lévy measures {νt}t∈[0,T ] to have exponential mo-
ments, that is, exist ε > 0 and λ > 0, such that

sup
t∈[0,T ]

∫
(−ε,ε)c

exp(λ|x|)νt(dx) < ∞. (5)

This assumption yields ∫ +∞

−∞
|x|i νt(dx) < ∞,

for all i ≥ 2 and all t ∈ [0, T ]. Therefore, all the moments of Zt exist and we
define the functions

mi (t) :=
∫ +∞

−∞
xiνt(dx), i ≥ 2, (6)

Mi(t) :=
∫ t

0

mi (s) ds, i ≥ 2. (7)

Moreover, the Doob decomposition of X in terms of a martingale part and a
predictable process of finite variation, is given by

Xt = Lt +
∫ t

0

asds,
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where

Lt :=
∫ t

0

∫ +∞

−∞
xM(ds,dx)

is a martingale and M(dt,dx) := Q(dt, dx)− νt(dx)dt is the compensated Pois-
son random measure on [0, T ]× R\{0}.

Applying Itô’s formula for semimartingales (see [13]), we obtain the solution
of (1), which is given by

St = S0 exp
(

Zt −
1
2

(∫ t

0

c2
sds

)) ∏
0<s≤t

(1 + ∆Zs) exp(−∆Zs). (8)

We must ensure that the stock option process is a positive process for all t ∈
[0, T ] a.s., and therefore we assume that ∆Zt > −1 for all t ∈ [0, T ], which is
equivalent to assume that the measures {νt}t∈[0,T ] are supported on (−1,+∞).
The stock price process can also be written as

St = S0

(
exp

∫ t

0

csdWs + Lt +
∫ t

0

(
as −

c2
s

2

)
ds

) ∏
0<s≤t

(1+∆Xs) exp(−∆Xs).

with dynamics

dSt = ctSt−dWt + St−

∫ +∞

−∞
xM(dt, dx) + St−atdt, (9)

3 Completeness and equivalent martingale mea-
sures

The non-homogeneous Lévy market is, in general, incomplete. In order to com-
plete the market we need to introduce new non-redundant assets in the market.
In order to do this, let us begin by defining the ”power jump” processes by

Z
(1)
t = Zt

Z
(i)
t =

∑
0<s≤t

(∆Zs)
i
, i ≥ 2, (10)

where ∆Zs = Zs − Zs− and

X
(1)
t = Xt

X
(i)
t =

∑
0<s≤t

(∆Xs)
i
, i ≥ 2. (11)

Clearly X
(i)
t = Z

(i)
t if i ≥ 2 and these processes are again non-homogeneous

Lévy processes.
If we recall (6)-(7), then the moments of the power-jump processes are given

by

E
[
X

(1)
t

]
=
∫ t

0

γsds +
∫ t

0

∫
{|x|≥1}

xνs (dx) ds :=
∫ t

0

m1 (s) ds := M1 (t) ,

E
[
X

(i)
t

]
= Mi (t) , i ≥ 2,
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where m1 (t) := γt +
∫
{|x|≥1} xνt (dx) and M1(t) :=

∫ t

0
m1 (s)ds.

Consider now the compensated power-jump processes:

Y
(i)
t = Z

(i)
t − E

[
Z

(i)
t

]
= Z

(i)
t −Mi (t) , i ≥ 1, (12)

which are martingales (see [1] and [12]).
Let us assume that Q is an equivalent martingale measure for our market and

is such that Z is also a non-homogeneous Lévy process under Q. Under Q, we
construct the power-jump processes

{
Y (i), i ≥ 1

}
and we introduce a sequence

of new artificial assets in the market: the power-jump assets Y
(i)

, given by

Yt
(i)

:= BtY
(i)
t , i ≥ 2.

By construction, these power-jump assets
{
Y (i), i ≥ 1

}
are Q-martingales. We

call this new market the enlarged market and denote it by MQ.
The next theorem states that the enlarged market is indeed a complete

market. This theorem is based on the martingale representation property (see
[12]) and we refer to [9] for the proof in the context of Lévy markets and to [1]
for the case of non-homogeneous Lévy processes.

Theorem 1 The enlarged market MQ is complete, in the sense that any square-
integrable contingent claim X ∈ L2 (Ω,FT , Q) can be replicated in L2 (Q).

Let us now describe the relationship between the stochastic exponential
model with dynamics (1) and the usual exponential model

St = S0 exp
(
Zt

)
,

where Zt = {Zt, t ∈ [0, T ]} is a non-homogeneous Lévy process and then we
will characterize the structure-preserving equivalent martingale measures in our
model. The following proposition will allow us to relate the stochastic exponen-
tial model with the usual exponential model and is a simple generalization of
Proposition 2.1 in [8] (see also Lemma 3.1 in [6]).

Proposition 2 Let F (t, x) and f(t, x) be Borel functions satisfying the follow-
ing assumptions:

a) F (t, x) > 0 for all x in the support of the Lévy measure νt and all t ∈ [0, T ]
and assume that exist constants µ, η > 0 such that F (t, x) ≥ µ > 0 for all
x ∈ (−η, η) and t ∈ [0, T ].

b) ∫ T

0

∫ +∞

−∞
|F (t, x)− 1− f(t, x)| νt(dx)dt < ∞, (13)

c) ∫ T

0

∫ +∞

−∞
|f(t, x)|2 νt(dx)dt < ∞. (14)

d) There is an ε > 0 such that∫ T

0

∫ +ε

−ε

|F (t, x)− 1|2 νt(dx)dt < ∞. (15)
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Then, the process U defined by

Ut = exp(
∫ t

0

∫ +∞

−∞
f(s, x)M(ds,dx)−

∫ t

0

∫ +∞

−∞
(F (s, x)− 1− f(s, x))νs(dx)ds)

×
∏

0<s≤t

F (s,∆Xs) exp(−f(s,∆Xs))

does not depend on f and it is a local martingale.

Using this proposition with F (x) = 1 + x and f(x) = log (1 + x) we have
that

St = S0 exp
(∫ t

0

csdWs +
∫ t

0

∫ +∞

−∞
log (1 + x) M(ds,dx) (16)

+
∫ t

0

(
as −

c2
s

2
+
∫ +∞

−∞
(log (1 + x)− x) νs(dx)

)
ds

)
.

Hence, the stock price process can also be represented as an usual exponential

St = S0 exp
(
Zt

)
,

where

Zt :=
∫ t

0

csdWs +
∫ t

0

∫ +∞

−∞
log (1 + x) M(ds,dx)

+
∫ t

0

(
as −

c2
s

2
+
∫ +∞

−∞
(log (1 + x)− x) νs(dx)

)
ds

is also a non-homogeneous Lévy process.
We now present a useful characterization of the structure preserving, P-

equivalent, martingale measures Q, under which Z remains a non-homogeneous
Lévy process and the discounted price process S̃ = {S̃t = St

Bt
, 0 ≤ t ≤ T} is

a Q-martingale. We have the following result, which is based in Theorem 33.1
and 3.32 in [14] and Theorem 3.2 in [6].

Theorem 3 Let Z = {Zt, 0 ≤ t ≤ T} be a non-homogeneous Lévy process
with local characteristics

(
γt, c

2
t , νt

)
under some probability measure P. Then,

if exists a probability measure Q equivalent to P, such that Z is also a Q-non-
homogeneous Lévy process with local characteristics

(
γt, c

2
t , νt

)
, we have for all

t ∈ [0, T ]:

(i) νt(dx) = H(t, x)νt(dx) for some Borel function H : R+ × R → R+,

(ii) γt = γt +
∫ +∞
−∞ x1{|x|<1}(H(t, x)−1)νt(dx)+Gtc

2
t for some Borel function

Gt : R+ → R+ such that
∫ t

0
c2
sG

2
sds < ∞,

(iii) ct = ct.

(iv) The density process ξt := dQt

dPt
is given by

ξt = exp
(∫ t

0

csGsdWs −
1
2

∫ t

0

c2
sG

2
sds

+ lim
ε→0

(∫ t

0

(∫
|x|>ε

log H(s, x)Q ((0, s] ,dx)−
∫
|x|>ε

(H(s, x)− 1)νs(dx)

)
ds

))
,

(17)
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with EP [ξt] = 1, for every t ∈ [0, T ]. The convergence on the right-hand
side of (17) is uniform in t on any bounded interval, P -a.s.

Remark 4 If we assume that

(i)
∫ T

0

∫ +∞
−∞ |log H (s, x)|2 νs(dx)ds < ∞

(ii)
∫ T

0

∫ +∞
−∞ |H(s, x)− 1− log H (s, x)| νs(dx)ds < ∞,

then the density process (17) is given by the simpler expression

ξt = exp
(∫ t

0

csGsdWs −
1
2

∫ t

0

c2
sG

2
sds +

∫ t

0

∫ +∞

−∞
log H(s, x)M (ds,dx)

−
∫ t

0

∫ +∞

−∞
(H(s, x)− 1− log H(s, x))νs(dx)ds

)
.

Moreover, in order to ensure that the power-jump processes
{
Y (i), i ≥ 1

}
, that

we must construct under the measure Q, are well defined, we will assume also
the condition (5) for the new family of Lévy measures {νt}t∈[0,T ], that is, exist
postive ε and λ such that

(iii) sup
t∈[0,T ]

∫
(−ε,ε)c exp(λ|x|)νt(dx) = sup

t∈[0,T ]

∫
(−ε,ε)c exp(λ|x|)H(t, x)νt(dx) <

∞.

The previous theorem implies that the process W = {W t, 0 ≤ t ≤ T} defined
by

W t = Wt −
∫ t

0

csGsds (18)

is a Brownian motion under Q. Moreover, if {νt}t∈[0,T ] and {νt}t∈[0,T ] verify
the condition (5), the process X is a jump non-homogeneous Lévy process with
Doob-Meyer decomposition (with respect to Q)

Xt = Lt +
∫ t

0

(
as +

∫ +∞

−∞
x(H(s, x)− 1)νs(dx)

)
ds, (19)

where L = {Lt}t∈[0,T ] is a Q-martingale and

Lt = Lt −
∫ t

0

∫ +∞

−∞
x(H(s, x)− 1)νs(dx)ds

and the new generalized Lévy measure is given by νt(dx) = H(t, x)νt(dx). This
implies that the new compensated random measure (with respect to Q) on
[0, T ]× R\{0} is given by

M(dt, dx) = Q(dt, dx)− νt(dx)dt

= M(dt,dx) + (H(s, x)− 1) νs(dx) (20)

The discounted price process S̃ can be written as

S̃t = S0 exp
(∫ t

0

csdW s + Lt +
∫ t

0

(
as − rs + c2

sGs −
c2
s

2

)
ds

)
× exp

(∫ t

0

∫ +∞

−∞
x(H(s, x)− 1)νs(dx)ds

) ∏
0<s≤t

(1 + ∆Ls) exp(−∆Ls).
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Note that by Proposition 2, the process

exp
(∫ t

0

csdW s + Lt −
∫ t

0

c2
s

2
ds

) ∏
0<s≤t

(1 + ∆Ls) exp(−∆Ls)

is a martingale. Then, a necessary and sufficient condition for S̃ to be a Q-
martingale is the existence of Gt and H(t, x), for which the process ξ is a
positive martingale and such that

c2
t Gt + at − rt +

∫ +∞

−∞
x(H(t, x)− 1)νt(dx) = 0. (21)

Hence, by (18), (19) and (21), we have

Zt =
∫ t

0

csdW s + Lt +
∫ t

0

rsds

and therefore Zt−
∫ t

0
rsds is a Q-martingale. Moreover, the dynamics of S̃ under

Q is given by

S̃t = S0 exp
(∫ t

0

csdW s + Lt −
1
2

∫ t

0

c2
sds

) ∏
0<s≤t

(1 + ∆Ls) exp(−∆Ls) (22)

or

dS̃t = ctS̃t−dW t + S̃t−dLt

= ctS̃t−dW t + S̃t−

∫ +∞

−∞
xM(dt,dx) (23)

4 Optimal portfolios

The optimal investment problem that we will consider in this section consists
in choosing an optimal portfolio in such a way that we obtain the largest ex-
pected utility of the terminal wealth, which is a good measure of the value of
an investment. Before stating, rigorously, the optimal investment problem, we
recall the definition of an utility function.

Definition 5 A utility function is map U(x) : R → R∪{−∞}, which is strictly
increasing and continuous on {U > −∞}, of class C∞ and strictly concave on
the interior of {U > −∞}, and such that marginal utility tends to zero when
wealth tends to infinity, i.e.,

U ′(∞) := lim
x→∞

U ′(x) = 0.

Let us denote the interior of {U > −∞} by dom(U). We will consider only the
two following cases:

Case 6 dom(U) = (0,∞) and U satisfies

U ′(0) := lim
x→0+

U ′(x) = ∞.
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Case 7 dom(U) = R and U satisfies

U ′(−∞) := lim
x→−∞

U ′(x) = ∞.

The HARA utility functions U(x) = x1−p

1−p for p ∈ R+\{0, 1} and the loga-
rithm utility U(x) = log(x) are important example of case 6 and the exponential
utility function U(x) = − 1

αe−αx is a typical example of case 7.

4.1 Optimal wealth

Let us fix a structure preserving martingale measure Q. Our aim is to solve
the optimal investment problem in the non-homogeneous Lévy market by using
the so-called ”martingale method”. Given an initial wealth w0 and an utility
function U , we want to find the optimal terminal wealthWT , that is, the value of
WT that maximizes EP (U(WT )) and can be replicated by a portfolio with initial
value w0. We know that under an equivalent martingale measure Q, which is
structure preserving, any random variableWT ∈ L2 (Ω,FT , Q) can be replicated
and we have w0 = EQ

(
WT

BT

)
. Hence, we will consider the optimization problem

max
{

EP(U(WT )) : EQ

(
WT

BT

)
= w0

}
.

The corresponding Lagrangian is

EP(U(WT ))− λEQ

(
WT

BT
− w0

)
= EP

(
U(WT )− λT

(
dQT

dPT

WT

BT
− w0

))
.

Then, the optimal wealth is given by

WT = (U ′)−1
(

λT

BT
ξT

)
,

where λT is the solution of the equation

EQ

[
1

BT
(U ′)−1

(
λT

BT
ξT

)]
= w0. (24)

It is easy to check the existence and uniqueness of the optimal wealth from the
conditions on U .

Remark 8 In order to replicate the optimal wealth WT , we need to know its
price process

EQ

[
Bt

BT
WT |Ft

]
= EQ

[
Bt

BT
(U ′)−1

(
λT

BT
ξT

)
|Ft

]
and this depends on the utility function considered. Suppose that the utility
function satisfies

(U ′)−1(xy) = a1(x)(U ′)−1(y) + a2(x), for any x, y ∈ R,
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for certain C∞ functions a1(x), a2(x). Then (see [8, page 298]) EQ

[
Bt

BT
WT |Ft

]
=

ϕ(t, T )Wt + χ(t, T ), for certain deterministic functions ϕ(t, T ) and χ(t, T ) and
with

Wt = (U ′)−1
(

λt

Bt
ξt

)
,

where

EQ

[
1
Bt

(U ′)−1
(

λt

Bt
ξt

)]
= w0.

On the other hand

(U ′)−1(xy) = a1(x)(U ′)−1(y) + a2(x), for any x, y ∈ R,

for certain C∞ functions a1(x), a2(x) if and only if U ′(x)
U ′′(x) = ax + b, for any

x ∈ dom(U), for some a, b ∈ R (see Lemma 4.1. in [8]). Therefore, if U ′(x)
U ′′(x) =

ax + b then

EQ

[
Bt

BT
WT |Ft

]
= ϕ(t, T )Wt + χ(t, T ). (25)

We will focus our analysis on these kind of utility functions, which include as
particular cases the logarithm, the HARA and the exponential utilities.

Lemma 9 Consider a utility function U such that U ′(x)
U ′′(x) = ax + b, for any

x ∈ dom(U) and for some a, b ∈ R. Then

(U ′)−1 (y) =
{

cya − b
a if a 6= 0

b log y + c if a = 0
(26)

Proof. By integration of the differential equation, we obtain the solution

U(x) = C1 log (x− b) + C2 if a = −1

U (x) =
C1

a
(
1 + 1

a

) (ax + b)1+
1
a + C2 if a /∈ {−1, 0} ,

U (x) = C1be
x
b + C2 if a = 0,

where C1 and C2 are integration constants. Therefore, (U ′)−1(y) = cya − b
a , if

a 6= 0 and (U ′)−1(y) = b log y + c if a = 0, where c is a real constant.
Using Theorem 3, we have that

ξt =
dQt

dPt
= exp

(∫ t

0

csGsdWs −
1
2

∫ t

0

c2
sG

2
sds +

∫ t

0

∫ +∞

−∞
log H(s, x)M(ds,dx)

−
∫ t

0

∫ +∞

−∞
(H(s, x)− 1− log H(s, x))νs(dx)ds

)
(27)

with G and H verifying the assumptions in Remark (4) and (21). We can express
this density process in terms of the Q-Brownian motion W and the compensated
random measure M(dt,dx). Indeed, by (18) and (20), we obtain

ξt = exp
(∫ t

0

csGsdW s +
1
2

∫ t

0

c2
sG

2
sds +

∫ t

0

∫ +∞

−∞
log H(s, x)M(ds,dx)

+
∫ t

0

∫ +∞

−∞
(H(s, x) log H(s, x) + 1−H(s, x))νs(dx)ds

)

11



Theorem 10 Suppose that the utility function U satisfies U ′(x)
U ′′(x) = ax + b, for

any x ∈ dom(U) and for some a, b ∈ R. Assume also that Q is a structure-
preserving equivalent martingale measure, the associated function H satisfies
the assumptions in Remark 4, H(t, 0) = 1 and ∂

∂y H (t, y)
∣∣∣
y=0

= Gt for all

t ∈ [0, T ].

(i) If

H(t, x) =
{

(1 + aGtx)
1
a if a 6= 0

H (t, x) = exp (Gtx) if a = 0
(28)

then the optimal portfolio consists only of bonds and stocks and the number
of shares is given by

φ1
t =

ϕ (t, T ) (aWt− + b)Gt

St−
. (29)

(ii) If a 6= 0 and (H (t, x))a is an analytic function in the x variable, and does
not have the form (28) then, in general, the optimal portfolio will consist
of bonds, stocks and power-jump assets. The number of shares of these
assets is given by

φi
t =

ϕ (t, T )
i!Bt

(
Wt− +

b

a

)
∂i

∂yi
(H (t, y))a

∣∣∣∣
y=0

, i = 2, 3, . . . . (30)

(iii) If a = 0 and log H (t, x) is an analytic function in the x variable, and does
not have the form (28) then, in general, the optimal portfolio will consist
of bonds, stocks and power-jump assets. The number of shares of these
assets is given by

φi
t =

bϕ(t, T )
i!Bt

∂i

∂yi
(log (H (t, y)))

∣∣∣∣
y=0

, i = 2, 3, . . . . (31)

Proof. Let us define

Rt :=
∫ t

0

csGsdW s

Kt :=
∫ t

0

∫ +∞

−∞
log H(s, x)M(ds,dx),

which are Q-martingales. The discounted wealth price process, given by

Ŵt :=
1
Bt

EQ

[
Bt

BT
WT |Ft

]
=

ϕ(t, T )
Bt

Wt +
χ(t, T )

Bt
,

is also a martingale (recall that Q is an equivalent martingale measure) and can
be written in terms of the processes Rt and Kt

Ŵt = f (t, Rt,Kt) ,

where

f (t, x, y) :=
ϕ(t, T )

Bt
(U ′)−1

(
λt

Bt
exp (g (t, x, y))

)
+

χ(t, T )
Bt

12



and

g (t, x, y) := x + y +
1
2

∫ t

0

c2
sG

2
sds

+
∫ t

0

∫ +∞

−∞
(H(s, x) log H(s, x) + 1−H(s, x))νs(dx)ds.

In this proof we will consider the two possible cases in (26).
In the first case, when a 6= 0, we have

(U ′)−1
(

λt

Bt
exp (g (t, x, y))

)
=
(

λt

Bt

)a

exp (ag (t, x, y))− b

a
.

Let us now apply the Itô formula for semimartingales (see [13, Theorem 33]) to
Ŵt = f (t, Rt,Kt). The formula that we will apply is the following

dŴt =
∂f

∂t
(t, Rt−,Kt−)dt +

∂f

∂x
(t, Rt−,Kt−)dRt +

∂f

∂y
(t, Rt−,Kt−)dKt

+
1
2

∂2f

∂x2
(t, Rt−,Kt−)d [Rt, Rt]

c
t +

1
2

∂2f

∂y2
(t, Rt−,Kt−)d [Kt,Kt]

c
t

+
∂2f

∂x∂y
(t, Rt−,Kt−)d [Rt,Kt]

c
t

+
[
Ŵt − Ŵt− −

∂f

∂x
(t, Rt−,Kt−)∆Rt −

∂f

∂y
(t, Rt−,Kt−)∆Kt

]
In order to apply the formula, let us first note that since Rt is a continuous
process (it is an Itô integral) and Kt is a jump process, we have that

∆Rt = 0,

∆Kt = log H(t,∆Xt),

d [Rt, Rt]
c
t = (ctGt)

2 dt,

d [Kt,Kt]
c
t = 0,

d [Rt,Kt]
c
t = 0.

Therefore,

dŴt = Atdt +
(

a

(
Ŵt− −

χ(t, T )
Bt

)
+ b

ϕ(t, T )
Bt

)
ctGtdW t

+
(
Ŵt− −

χ(t, T )
Bt

+
bϕ(t, T )

aBt

)∫ +∞

−∞
((H (t, x))a − 1) M(dt,dx),

where At is the finite variation part of the process Ŵ. Clearly the Itô in-
tegral and the integral with respect to the compensated random measure are
Q-martingales and in order to Ŵt be a martingale, the finite variation part At

must be zero. Therefore,

dŴt =
(

ϕ (t, T ) (aWt− + b)
Bt

)
ctGtdW t

+

(
ϕ (t, T )

(
Wt− + b

a

)
Bt

)∫ +∞

−∞
((H (t, x))a − 1) M(dt,dx).

13



Recalling the Q-dynamics (23), we have that

dŴt =
(

ϕ (t, T ) (aWt− + b)
Bt

)
Gt

dS̃t

S̃t

+
∫ +∞

−∞

[
ϕ (t, T )

Bt

((
Wt− +

b

a

)
((H (t, x))a − 1)−Gt (aWt− + b)x

)]
M(dt,dx).

Since S̃t = B−1
t St, we have

dŴt =
ϕ (t, T ) (aWt− + b) Gt

St
dS̃t

+
∫ +∞

−∞

[
ϕ (t, T )

Bt
(aWt− + b)

(
(H (t, x))a − 1

a
−Gtx

)]
M(dt, dx).

In order to ensure that the optimal portfolio will consist only of bonds and
stocks, the jump part of dŴt must be zero and therefore

H (t, x) = (1 + aGtx)
1
a ,

where, by (21), we have that the function Gt must satisfy

c2
t Gt + at − rt +

∫ +∞

−∞
x
(
(1 + aGtx)

1
a − 1

)
νt(dx) = 0.

Moreover, the wealth invested in stocks at time t is then given by

φ1
t =

Gtϕ (t, T ) (aWt− + b)
St−

.

In general, if the function H (t, x) does not satisfy (28) then the structure pre-
serving equivalent martingale measure, which characterizes the market, is such
that the optimal portfolio includes not only bonds and stocks but also derivatives
which can be expressed by the so-called power jump assets. Since (H (t, x))a is
analytic in x, let us expand the integrand function

(H (t, x))a − 1
a

−Gtx

in terms of powers of x, with H (t, 0) = 1 and ∂
∂xH (t, x) |x=0 = Gt. Then

(H (t, x))a − 1
a

−Gtx =
1
a

∞∑
i=2

∂
∂yi (H (t, y))a

i!

∣∣∣∣∣
y=0

xi

and the number of the power-jump assets in the optimal portfolio is given by

φi
t =

ϕ (t, T )
i!Bt

(
Wt− +

b

a

)
∂i

∂yi
(H (t, y))a

∣∣∣∣
y=0

, i = 2, 3, . . .

In the second case of (26), when a = 0, we have

(U ′)−1
(

λt

Bt
exp (g (t, x, y))

)
= b

(
log
(

λt

Bt

)
+ g (t, x, y)

)
+ c.

14



Applying the Itô formula for semimartingales again to Ŵt = f (t, Rt,Kt), we
obtain

dŴt = Atdt +
bϕ(t, T )ctGt

Bt
dW t

+
(

bϕ(t, T )
Bt

)∫ +∞

−∞
log (H (t, x))M(dt,dx),

where At is a finite variation process. Similarly to the case a 6= 0, the finite
variation part At must be zero and

dŴt =
bϕ(t, T )Gt

Bt

(
dS̃t

S̃t

)

+
(

bϕ(t, T )
Bt

)∫ +∞

−∞
(log (H (t, x))−Gtx)M(dt,dx).

Hence

dŴt =
bϕ(t, T )Gt

St
dS̃t

+
(

bϕ(t, T )
Bt

)∫ +∞

−∞
(log (H (t, x))−Gtx) M(dt,dx)

In order to ensure that the optimal portfolio will consist only of bonds and
stocks, we require that

H (t, x) = exp (Gtx) ,

where, by (21), the function Gt satisfies

c2
t Gt + at − rt +

∫ +∞

−∞
x (exp (Gtx)− 1) νt(dx) = 0.

The wealth invested in stocks is given by

φ1
t =

bϕ(t, T )Gt

St−
.

If H (t, x) does not satisfy (28) then the optimal portfolio includes also power-
jump assets. Let us expand the integrand function

log (H (t, x))−Gtx

in terms of powers of x, considering that H (t, 0) = 1 and ∂
∂xH (t, x) |x=0 = Gt.

Since log H (t, x) is an analytic function in the x variable, we have

log (H (t, x))−Gtx =
∞∑

i=2

∂i

∂yi (log (H (t, y)))

i!

∣∣∣∣∣
y=0

xi

and the number of the power-jump assets in the optimal portfolio is given by

φi
t =

bϕ(t, T )
i!Bt

∂i

∂yi
(log (H (t, y)))

∣∣∣∣
y=0

, i = 2, 3, . . .
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Remark 11 The power-jump assets are not traded in the market and therefore
the above optimal portfolio formulas seem not to be very useful when, in the
optimal portfolio, we must include these power-jump assets. However, this is not
the case, since these power-jump assets can be replicated in terms of call options
with the same maturity and different strikes. As a consequence we can replicate
the optimal portfolio with power-jump assets in terms of a portfolio in terms of
bonds, stocks and call options with the same maturity and different strikes. The
representation formulas which allow this representation and a detailed discussion
of these matters are presented in [7]

Example 12 Let us consider the logarithm utility U(x) = log x. Then

(U ′)−1 (x) = x−1

and U ′(x)
U ′′(x) = ax+b with a = −1 and b = 0. It is easy to prove that (see Example

4.1 in [8])

EQ

[
Bt

BT
WT |Ft

]
= Wt.

and therefore ϕ(t, T ) = 1 and χ(t, T ) = 0. Applying Theorem 10, the optimal
portfolio consists only of bonds and stocks if

H (t, x) =
1

1−Gtx
(32)

and Gt satisfies

c2
t Gt + γt − rt +

∫ t

0

∫ +∞

−∞
x
(
(1−Gtx)−1 − 1

)
νs(dx) = 0.

The fraction of wealth invested in stocks, at time t, is given by

βtSt−

Wt−
= −Gt.

If the function H is such that satisfies the assumptions in Theorem 10, but
is not of the form (32) then, in general, the optimal portfolios also includes
power-jump assets. The number of these assets is given by

φi
t =

Wt−

i!Bt

∂

∂yi
(H (t, y))−1

∣∣∣∣
y=0

, i = 2, 3, . . . .

Example 13 Let us consider the HARA utilities U(x) = x1−p

1−p with p ∈ R+ \
{0, 1}. Then

(U ′)−1 (x) = x−
1
p

and U ′(x)
U ′′(x) = ax + b with a = − 1

p and b = 0. It is not hard to see that (see
Example 4.2 in [8])

EQ

[
Bt

BT
WT |Ft

]
= Wt

That is, ϕ(t, T ) = 1 and χ(t, T ) = 0.
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By Theorem 10, the optimal portfolio includes only bonds and stocks if we
require that

H (t, x) =
1(

1− Gt

p x
)p

and Gt satisfies the equation

c2
t Gt + γt − rt +

∫ t

0

∫ +∞

−∞
x

((
1− Gt

p
x

)−p

− 1

)
νs(dx) = 0.

Note that the fraction of wealth invested in stocks, at time t, is given by

βtSt−

Wt−
= −Gt

p
.

If the equivalent martingale measure is such that the optimal portfolio cannot
be replicated by bonds and stocks, then the number of shares of the power-jump
assets is given by

φi
t =

Wt−

i!Bt

∂

∂yi
(H (t, y))−1/p

∣∣∣∣
y=0

, i = 2, 3, . . .

Example 14 The exponential utility function is given by

U (x) = − 1
α

e−αx

with α ∈ (0,∞). Then U ′(x) = e−αx, (U ′)−1 (x) = − 1
α log x and U ′(x)

U ′′(x) = − 1
α .

Therefore, we are in the case a = 0 and b = − 1
α of (26). It is easy to show that

(see Example 4.3 in [8] for the details)

EQ

[
Bt

BT
WT |Ft

]
=

Bt

BT
Wt + w0Bt

(
1− Bt

BT

)
.

Hence, ϕ(t, T ) = Bt

BT
and χ(t, T ) = w0Bt(1− Bt

BT
). By (28), the optimal portfolio

includes only bonds and stocks if

H(y) = exp
(

G

c
y

)
.

If this is the case, then Gt satisfies the equation

c2
t Gt + γt − rt +

∫ t

0

∫ +∞

−∞
x

(
exp

(
G

c
y

)
− 1
)

νs(dx) = 0.

and

φ1
t = −ϕ(t, T )Gt

αSt−
.

If the optimal portfolio includes power-jump assets, then the number of shares
is given by

φ
(i)
t = −Bt

i!α
∂i

∂yi
log H (y)

∣∣∣∣
y=0

, i = 2, 3, ...
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