


Convergence of certain functionals of integral
fractional processes *
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Abstract

In this paper we consider the asymptotic behavior of functionals of
processes of the form fg usdBH | where B is a fractional Brownian mo-
tion with Hurst parameter H, and w is a process with finite g-variation,
q < 1/(1 — H). We establish the stable convergence of the corresponding
fluctuations.

Keywords: fractional Brownian motion; central and non-central limit
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1 Introduction

Given a stochastic process Z = {Z;,t > 0}, for each n > 1 we denote by

N S S 3 (1)

2
B —
n n n n

2" = Zi +n(t - <t<

the broken line approximation of Z;. The purpose of this paper is to study the
asymptotic behaviour, as n tends to infinity, of functionals of the form

[nt]

g ;:/ " n(Zi)g (20t ds,
0

where Z; = fot usdBE | BH is a fractional Brownian motion (fBm) with Hurst
parameter H, 0 < H < 1, and u is a stochastic process with paths of finite
g-variation, q < ﬁ Here h and g are continuous functions.

In Section 2 we obtain the uniform convergence in probability of 515") to
the stochastic process & := fg h(Z)EW (g(usW))ds, where W is a standard
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normal random variable independent of the process B¥, and EW will denote
the mathematical expectation with respect to W.

Section 3 is devoted to study the fluctuations of §t(") around its limit &. We
show that, whenever ¢ is an even function, \/ﬁ(ét(n) — &) converge stably in
distribution to a process of the form fot h(Zs)v(us)dWs where W is a standard
Brownian motion independent of B,

v2z:imarinzH7H
() = lim ( T otets BH)))

and H € (1/2,3/4).
In the particular case g(z) = |z|?, where p > 0, and h = 1, £ is the
normalized power variation of order p. In fact

[nt]
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and the above results have been established in [2]. On the other hand, these
kind of general functionals have been considered in Leén and Ludena (2004)
assuming that Z is the solution of a stochastic differential equation driven by a
fBm with H > 1/2:

t t
Zt:zo—f—/ b(Zs)ds+/ o(Z,)dBH,
0 0

and under certain restriccions over b and o. As an application, at the end
of Section 3 we derive the results of Leén and Ludena (2004) under weaker
conditions on the functions A and g.

2 Some functionals of fractional stochastic inte-
grals

Suppose that Bf = {B} |t > 0} is a fractional Brownian motion with Hurst
parameter H € (0,1) defined in a complete probability space (2, F, P). That
is BH is a zero mean Gaussian process with the covariance function

1
EBEBH) = 5(152’1’ + 2 |t —s]?H), st >0. (2)
From the equality
B(B! - BY|") = |t - 5",

we deduce that the trajectories of B are (H — ¢)-Holder continuous on any
finite interval, for any € > 0.

The fBm is a self-similar process, that is, for any constant ¢ > 0, the pro-
cesses {a# BH t > 0} and {Bf’,t > 0} have the same distribution. For H = ,
BH coincides with the classical Brownian motion.



The sequence X}, := B,f —Bgfl), k > 1, is stationary and it has a covariance
given by

pra(n) = 3 [(n+ 12 4 (0 — 1727 — 207] . 3)

When H > %, pg(n) ~ cn?*72 as n tends to infinity. This implies that the
fBm has long memory, that is, >~ , pu(n) = cc.

For each t > 0 we denote by F/! the o-field generated by the random vari-
ables {B 0 < s <t} and the null sets.

For any p > 0 the p-variation of a real valued function f on an interval [a, b]
is defined as

n 1/p
Var,(f;[a,b]) = sup (Z |f(t:) — f(ti—1)|p> )

where the supremum runs over all partitions 7 = {a =tg < t; < -+ < t,, = b}.
Clearly, if f is a-Holder continuous then it has finite 1-variation on [a,b]. We

set
o a<s<t<b |tL - s‘a .

Young (1936) proved that the Riemann-Stieltjes integral ff fdg exists if f and
¢ have finite p-variation and finite g-variation, respectively, in the interval [a, b]
and 1% + % > 1. Moreover, the following inequality holds

b
/ fdg — f(a)(g(b) — g(a))| < cpqVary(f; [a, b]) Vary(g; a, b]), (4)

where ¢, =((¢+ 3 ), with ((s) =, oy n""

a " p

We are interested in stochastic processes Z of the form Z; = fot uSdBf
where the stochastic integral is a path-wise Riemann-Stieltjes integral. By the
results of Young this integral exists, provided the trajectories of the process
u = {u, t > 0} have finite g-variation on any finite interval for some g < ﬁ
In fact, the trajectories of B¥ have finite ﬁ—variation on any finite interval.

Then given Z = {Z;,t > 0} and Zt(n) as in (1) we are going to study the
asymptotic behavior, as n tends to infinity, of functionals of the form

[nt]
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0
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P20 g (Z00nH 1) ds,

where h and g are continuous functions.

Fix T > 0, denote by u.c.p. the uniform convergence in probability in the
time interval [0,7] and || - || for the supremum norm on [0,7]. Let c4(z) =
EW (g(zW)) for any z € R, where W is a N(0, 1) random variable.



We are going to impose the following condition on the function g:
(H) There exist constants a € (0,1], a,b > 0 and 0 < p < 2 such that for all
x <y we have
l9(y) —g9(z)| < C(O]y — |,
where & € [x,y] and the function C satisfies 0 < C(u) < aebl"l”.
Then we have the following result.

Theorem 1 Assume (H). Suppose that u = {uy,t € [0,T]} is a stochastic
process with finite q-variation, where g < ﬁ Set

t
Zy = / usdB.
0

Then,
t

EA2) [ b ey ),

as n tends to infinity.

Proof. Let W be a random variable with standard normal distribution.
We obtain, for any m > n,

%ﬁw»i/mawmewmu
0

where
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and

[nt] .
(n) _ l . \EW Ui _ W ot .
D =15 2 MZ)E (stusa ) = [ W20 (gl as).

where for each i =1,...,n, I(i) = {j: L € (=L, L]}

n ’'n

We have lim,,_, HD(") Hoo = 0 almost surely. Indeed,

[nT]
HD(") <03 sup |(Zis)(eg(uis) — h(Zs)ey(uy)
oo P SEIn(i) n n
[M(Z)EY (g (uW))]|
+ )
n
where Z,,(i) = [%, ﬁ], and this goes to zero as m goes to infinity since the

trajectories of h(Z)cy(u) are regulated.

For any fixed n, ||C’("*m) ||OO converges in probability to zero as m tends to
infinity, by the ergodic theorem on Banach spaces. In fact, fix n and for any
constant K define

1
Ym,K = E Z g (mHK(Bg _Bf]%l)) )
JEI()
and 1
L,k = o Z g (K(Bj' = BjL,)).

(i—1)m -
<SR

By the self-similarity of the fractional Brownian motion, and for any constant
M > 0, the family of random variables

Yok, K € [-M,M],m > 1}
has the same distribution as
{Znk,Ke[-M,M],m>1}.

Let C([—M,M]) be the Banach space of real-valued continuous functions on
[— M, M] equipped with the supremum norm. Then {g ((BjH - Bﬁl)) ,j > 1}
is a stationary sequence with values in C([—M, M]). The ergodic theorem in
Banach spaces and the uniqueness of the L' limit imply

1
E( sw ]zm,K—E%(KW))] o, (5)
Ke[—M,M)] n

as m tends to infinity. As a consequence, we can write
1
P (’Ym,uil - ~E% (g(qu)) > 5)

n n
1
<P (‘Ym,uil - —EY (g(ui_nlW)>‘ > 6, [[ulloe < M> + P (ullee > M).




The second summand in the above expression converges to zero as M tends to
infinity. The first one is bounded by

1
P ( sup ‘Yva - ~E% (g(KW))‘ > 5)
Ke[—M,M)] n

< g sup ‘Zm,K - lEW(Q (KW))‘ )
0 \Ke[-Mm,M) n

which converges to zero as m tends to infinity by (5).
For the term Agm) we first have

A < I(Z)]] 5™,

where
1 Fa
St(m) - po- z:l (g (mH [_1 usdBf> —g (mHuj;L1 (Bg — BJH;ll))> .
j: m
Applying Young’s inequality (4) yields
[mt] i o
S < el Zaexp (bm?" RY) [71 usdBH — ujm;l(BIi —- BIL))
i=1 =
< cpe gLy,
where ;
R; = max ( / wsdBH| | luses ‘BQ’ —BH, )
Ji=1 m m m
[mT]

Ly =m~ 5y exp (bm?" RY) (Varq(u?zm(j))varﬁ(BH;Im(j)))a’

j=1

and p* = ﬁ, 0 <e< H . Fix § > 0 and consider the decomposition

Ly < LY 4+ 13

where
L,S,ll) _ mflJraH Z ebmpHRf (Varq(u,Z,,L(]))VarH%(BH7Im(J)))
j:Varq(u;Ier(j))>5
and
[mT) P a
L@ = oy 1teH Z M Ry (Varﬁ(BH;Im(j))) .
Jj=1



We have
[mT]

Z (Varg(u; Z,,(7)))? < (Varg(u; [0,T]))? < oo,

j=1
and, consequently, the number of indexes j for which Vary(u;Z,,(j)) > 0 is
bounded by Wsﬂ = M. Hence,

LY < Mm~FH (Var, (u; [0,7]))*  max ebmpHR;)Var#(BH;Im(j))a.
1<j<[mt] H=e

From the properties of the modulus of continuity of the fractional Brownian
motion we know that there exist a finite random variable G such that if [t—s| <

1
B = BI'| < Gilt — s /log [t — s~

2
On the other hand, we have

R; < |lull |BY - BL,

+ ¢pe g Varg(u; In, (j))Varﬁ (B™; Zn (4))-
Both inequalities imply that

R; < Gym™H\/logm, (6)

for some finite random variable Go. In fact, for any partition {¢;} of the interval
Zm(j) we have

(s - s,

HIE)H_E < <G12(Ati)HHs <\/logAti_1) o

1 >H—5
< GH—= <1)€ V1ogm (Z At»)HiE

= 1 m 7
=GH==m=H/logm,

where At; =t; —t;_1, and where we also apply that for o, 3 > 0 =® (log %)ﬁ is
an increasing function near the origin.

As a consequence, (6) implies that for any v > 0 there exists a finite random
variable G, such that

H pp P D_1
ebmp R} < mbGQ(logm)2 < G’Ym»y
for all m. Hence,

1 —14+aH H ]
L < Gagm™ 200 gVt (B ()"

for some finite random variable G . Therefore, LS}R converges to zero when m
goes to infinity if Ha + v < 1.



To handle Lg) we can assume that
[[ulloc + cp g Varg(u; [0, T7)

is bounded by a constant M. Then, L'? is bounded by a random variable which
has the same law as

[mT]
rmt " exp (o007 (1B~ B+ Var (B 1))

=
S\CENCIARI

which converges a.s. and in L! to

6°TE [exp (bM7 (|BII| +Var 1_(B";0, 1]))p) (Var,1 (B0, 1]))“} <0

as m tends to infinity, by the ergodic theorem. In fact, the functional Var 1 (BH;[0,1])

—e

is a seminorm on the trajectories of the fBm which is finite almost surely. Hence,
T

we have that E {exp ((VarH% (BH: o, 1])) )} < oo for any r < 2 by Fernique’s
theorem (see Fernique (1975)), and we can apply the ergodic theorem. Finally
it suffices to let 4 tend to zero.

By a similar arguments we can show that term Bt("’m

also Corcuera et al. (2006) . =

) converges to zero, see

3 Central limit theorems

Consider first the case where the process u takes the constant value z, that is,
Z; = zBH and h = 1. Assume that the function g is even. In this case,

[nt]
n 1
Y GBN =03 g (! (BY - BLY).
i=1
and this process has the same distribution as

| 0
LS g - L)
=1

The function H(z, z) given by
H(z,z) = g(zx) — cg(2)

can be expanded in terms of Hermite polynomials, H,,, in the form

oo



We have

v2(z) = nlirréo Var <\/173 ig(Z(BzH - Bﬁﬁ))

=D an(=m+2) pi(i).
m=2 j=1
where ppr is defined in (3). So v(z) < oo is finite if H < 3/4. We have the
following theorem.

Theorem 2 Assume that H < 3/4, function g is even and verifies condition
(H). Then

(B, v (B (zB™), = ¢y(2)t) ) & (B ()W), (7)

as n tends to infinity, where W = {Wy,t > 0} is a Brownian motion independent
of the process BY | and the convergence is in the space D([0,T))? equipped with
the Skorohod topology, for each T > 0.

Proof. The proof goes along the same lines as in Corcuera et al. (2006). The
first step is to show the convergence of the finite dimensional distributions. Due
to the self-similarity property of the fractional Brownian motion it is sufficient

to prove the convergence (B, Y (™) £ (BH V), where the components of the
first vector are

B =n" 3 X, 1<k<N

[nak]<j<[nbx]

n 1

N
where X; = BJH—thil, and we denote by Ji = (ag,bx] , k =1,..., N pair-wise
disjoint intervals contained in [0,7] with |Jz| = br — ax. The limiting vector
is centered Gaussian, B is a fBm with Hurst parameter H independent of V,
and V has independent components of variances v?(z)|Ji|. The proof of this
convergence result is analogous to Proposition 10 of Corcuera et al. (2006), we

only have to note that

[nax]<j<[nbx]

3 am(2)*m! = EV (H(W, 2)?) < oo,

m=2

where W is a N(0,1) random variable. This is implied by the conditions on g,
since EW (g(:W)?) < o0.

The second step is to show that the sequence Zt(n) =/ (Fg(ﬁ) (2BH); — cg(z)t)
is tight. For s < t we have
) [nt]
E(Z" — 200 =B || Y H(X;,2)
j=[ns]+1



By Taqqu(1977; Proposition 4.2) we know that, for all N > 1
4
1 N 00
2P Y H(X; )| | <K ph(w),
u=0

=1

Consequently

[nt] — [ns]

ez - 20 < ol

and, by applying the Cauchy-Schwartz inequality, for any ¢; <t < to

E((Zgn) _ Zt(n))Q(Zg") _ Zt(n))Q) < C[ntQ] _ [nt} [nt} - [ntl]

< Oty —t1)?

and by Billingsley (1968, Theorem 15.6) we get the desired tightness property.
This completes the proof. m

Remark 3 We could remove the condition on g of being even whenever the
first term in the chaotic decomposition of g is of order bigger than one. If g is
not even and there is a term of first order and H < 1/2 we still obtain, by using
the same arguments as before, a similar result to the previous one with

m=1 j=1

If v? = 0 we could use another norming factor to obtain a non-trivial limit (see
Theorem & in Giraitis and Surgailis (1985)). Finally if 1/2 < H < 3/4 and we
have a term of first order, then we would obtain that

W (ES (BT, — cy()t) 5 B (8)

but in this case we do not have stable convergence (see Lemma 4.1 in Taqqu

(1975)).
Consider now the the case of a general process u.

Theorem 4 Suppose that u = {us,t € [0,T]} is a stochastic process measurable
with respect to FH, with Holder continuous trajectories of order a > i Set
Zy = fot usdBE | with 1/2 < H < 3/4. Assume that function g is even, it verifies
condition (H) and that the function h is B-Hélder continuous with 3 € (2/3,1]
and BH > 1/2. Then

(B v - | th<zs>cg<us>ds>) = (o | th(&)v(us)dm) ,

as n tends to infinity, where W = {W,,t € [0,T]} and the convergence is in
D([0,77)*.

10



Proof. the proof follows similar steps as in Theorem 4 in Corcuera et al.
(2006). In fact

t
VIESN2) = [ h(Zo)eyu)ds) = AT + B 4 0 4 DY,
0

where

A,Em)

Bt(nm _

Ct(n,m)

and

D™ =

1/22/_ h(z{™)dr

ml/2 Z

[mit]

m

(g mH / 7n
J—
< g

" h( Z(m))dr> g (mHuQ

[mit]
1/22

[mt]

j=1
[nt]

YD h

i=1j€I,(i)

[nt]

my . h

1= 1]6]()

[mt]

ml/? Z

=1

h(Z™ >)dr> cg(uizr)

v e

s)cg(us)ds.

The term ng) tends to zero as in Theorem 4 in Corcuera et al. (2006), using
the Holder continuity properties of the processes u and Z. In fact, we can write

11



[mit]

D™ | < mt? Z‘ wiz) g(u%ﬂ_l))‘ (/Jl h(z§m>)dr>

mt]
+ m?!/? Z </ |h(Z(™) — h(zfyll)ur) cq(fupn 1)

1

+ NG lleg(Wh(Z)|l o
[mT]

<m72 ) Ciluss i I*lIR(Z) oo+
j=1
[mT)

+m~1/? Co sup |Zs = Zgn [cg(ugm
JZI s€Lm (])‘ tjfl| al tffl)

+ % leg (2],

where t~m 1 € In(y) and Cp and Cy are random variables independent of m.
Hence HD(m) HOO — 0 because aa > 1/2 and Z is Holder continuous with index
H—-e>1/2

To show that A{™ tends to zero, we can use a combination of the arguments
in Theorem 1 and Corcuera et al. (2006) Theorem 4 together with the stronger
condition on the Holder continuity of u. Also by using the previous theorem and
the stable converge we can proof that

[nt]

C(nm) L Zh Zz L (ug) (W

Z
n n

*W%)

For the term Bgn’m) we have, by taking into account that sup, x is a continuous
functional with respect to the Skorohod topology, that

lim sup P{Bt(m’n) > 8}

m— 00

[nT]
< limP{ Z sup <m_1/2 m

S+E
/ h(Z,(,m))dr
= seZ(i)uz(i-1) s

x > (9 (mu(BE = BIL)) ~ ¢y(us))

JEIL (1)

> W(Zia) ( (m uinl(Bﬁf—B?l))—cg(uT))D >s}

m m
J EI”( )

[nT]

=P Z sup |h(Zs)v1(us) — M(Z iz )v(wiz1)||Ws — Wiza| > € p — 0,
T3 s€T(i)UI(i-1) £ " " "

12



as n tends to infinity, where we use the fact that the function v(z) is a-Hdélder
continuous whenever H < 3/4 and that Z is Holder continuous with index
H-e>1/2. m

Leén and Ludenia (2004) study the asymptotic behaviour of Fg(jZ)(Z )¢ assum-
ing that Z is the solution of an stochastic differential equation driven by a fBm
with H > 1/2 of the form

t t
Zt:zoJr/ b(Zs)der/ o(Z,)dBH
0 0

under certain restrictions on the coefficients b and o. If b= 0 and o € C*(R)
we can write Z; = f(BH), with f solution of

df(t) = o(f(t))dt (9)
f(0) = 2.

In order to show the previous results of Leén and Ludenia (2004) and try to
compare them we need to give some definitions and conditions.

Definition 5 A function f has exponential growth if there exists a > 0 such
that | f(x)| < e®*l and we will say that f has sub-exponential growth if f o h has
exponential growth for all h with exponential growth.

(G) g is a even continuous function such that:

(1) g has sub-exponential growth.

(2) Forally >, |g(y) — g(z)| < C(&)ly — x|, where & € (x,y) and C(§) has
sub-exponential growth.

(3) If a > ap > ¢ > 0, then g(azx) — g(apx) = Z§:1 Ri(ag,x)(a — a,)" +
T(&x)(a - (10)4, where 5 € (U‘Oﬂ a)'

Under these conditions Leén and Ludena (2004) obtain the following results.

Proposition 6 Let g be a function satisfying (G). Assume that h, o and o’
have subexponential and f solution of (9) has exponential growth. Consider the
process Zy = f(BE) solution of

t
th/ o(Zs)dBH.
0

Then,
t

F(2, L | h(Z)ey(o(Zs))ds.
0

13



Note that if a function f has subexponential growth then it has exponential
growth since |z| < el?l. So (2) in condition (G) implies that g verifies condition
(H)with a = 1 and p = 1, so the previous Proposition is implied by Theorem
(1). Ledén and Ludena also show that the convergence is in quadratic mean but
they have to assume that h has subexponential growth, on the contrary we do
not put growing conditions on h.

(J) h, o and f are such that there exists v > 0 such that, for all t € (0,1)

2 t
Blesp( L / W2 (Z)0*(Z4)ds)) < o

Theorem 7 Assume h, 0 € C* have sub-exponential growth as well as their
derivatives. Supose f has exponential growth and that g is an even function.
Assume 3 < H < 2, then under conditions (G) and (J) we have

VR(E(2), ~ / W Zs)eg(o(Zs))ds) tibl W(Zs)v(o(Zs))dW,s
0 stadbly Jo

where W is a Wiener process independent of Z.

Again (2) in condition (G) implies that g verifies condition (H) with o =1
and p = 1. In such a situation there is not restriction on the process u in our
Theorem 1 apart from the fact that f(f usdBf has to be well defined. Also
smoothness conditions on A in the previous Theorem imply the condition on h
in Theorem 1. So the previous theorem is implied by Theorem (1). Finally, Le6n
and Ludefa (2004) extend the results for the case b(x) = o(z)p where p is a
constant. They use a Girsanov version for the fBm and the invariance property
of the stable convergence under any absolutely continuous change of measure,
see Theorem 2 there. The same arguments could be used here to extend the
results to this case.
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