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Abstract

In this paper we consider the asymptotic behavior of functionals of
processes of the form

R t

0
usdBH

s , where BH is a fractional Brownian mo-
tion with Hurst parameter H, and u is a process with finite q-variation,
q < 1/(1−H). We establish the stable convergence of the corresponding
fluctuations.

Keywords: fractional Brownian motion; central and non-central limit
theorems; long-memory; stable converge.

1 Introduction

Given a stochastic process Z = {Zt, t ≥ 0}, for each n ≥ 1 we denote by

Z
(n)
t = Z i−1

n
+ n(t− i− 1

n
)(Z i

n
− Z i−1

n
),

i− 1
n

≤ t <
i

n
, (1)

the broken line approximation of Zt. The purpose of this paper is to study the
asymptotic behaviour, as n tends to infinity, of functionals of the form

ξ
(n)
t :=

∫ [nt]
n

0

h(Z(n)
s )g

(
Ż(n)

s nH−1
)

ds,

where Zt =
∫ t

0
usdBH

s , BH is a fractional Brownian motion (fBm) with Hurst
parameter H, 0 < H < 1, and u is a stochastic process with paths of finite
q-variation, q < 1

1−H . Here h and g are continuous functions.

In Section 2 we obtain the uniform convergence in probability of ξ
(n)
t to

the stochastic process ξt :=
∫ t

0
h(Zs)EW (g(usW ))ds, where W is a standard
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normal random variable independent of the process BH , and EW will denote
the mathematical expectation with respect to W.

Section 3 is devoted to study the fluctuations of ξ
(n)
t around its limit ξt. We

show that, whenever g is an even function,
√

n(ξ(n)
t − ξt) converge stably in

distribution to a process of the form
∫ t

0
h(Zs)v(us)dWs where W is a standard

Brownian motion independent of BH ,

v2(z) = lim
n→∞

Var

(
1√
n

n∑
i=1

g(z(BH
i −BH

i−1))

)
and H ∈ (1/2, 3/4).

In the particular case g(x) = |x|p, where p > 0, and h ≡ 1, ξ(n) is the
normalized power variation of order p. In fact∫ [nt]

n

0

∣∣∣Ż(n)
s nH−1

∣∣∣p ds =
1
n

[nt]∑
i=1

∣∣∣(Z i
n
− Z i−1

n
)nH

∣∣∣p ,

and the above results have been established in [2]. On the other hand, these
kind of general functionals have been considered in León and Ludeña (2004)
assuming that Z is the solution of a stochastic differential equation driven by a
fBm with H > 1/2:

Zt = z0 +
∫ t

0

b(Zs)ds +
∫ t

0

σ(Zs)dBH ,

and under certain restriccions over b and σ. As an application, at the end
of Section 3 we derive the results of León and Ludeña (2004) under weaker
conditions on the functions h and g.

2 Some functionals of fractional stochastic inte-
grals

Suppose that BH = {BH
t , t ≥ 0} is a fractional Brownian motion with Hurst

parameter H ∈ (0, 1) defined in a complete probability space (Ω,F , P ). That
is BH is a zero mean Gaussian process with the covariance function

E(BH
t BH

s ) =
1
2
(t2H + s2H − |t− s|2H), s, t ≥ 0. (2)

From the equality
E(
∣∣BH

t −BH
s

∣∣2) = |t− s|2H ,

we deduce that the trajectories of BH are (H − ε)-Hölder continuous on any
finite interval, for any ε > 0.

The fBm is a self-similar process, that is, for any constant a > 0, the pro-
cesses {a−HBH

at, t ≥ 0} and {BH
t , t ≥ 0} have the same distribution. For H = 1

2 ,
BH coincides with the classical Brownian motion.
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The sequence Xk := BH
k −BH

(k−1), k ≥ 1, is stationary and it has a covariance
given by

ρH(n) =
1
2
[
(n + 1)2H + (n− 1)2H − 2n2H

]
. (3)

When H > 1
2 , ρH(n) ∼ cn2H−2 as n tends to infinity. This implies that the

fBm has long memory, that is,
∑∞

n=1 ρH(n) = ∞.
For each t ≥ 0 we denote by FH

t the σ-field generated by the random vari-
ables {BH

s , 0 ≤ s ≤ t} and the null sets.
For any p > 0 the p-variation of a real valued function f on an interval [a, b]

is defined as

Varp(f ; [a, b]) = sup
π

(
n∑

i=1

|f(ti)− f(ti−1)|p
)1/p

,

where the supremum runs over all partitions π = {a = t0 < t1 < · · · < tn = b}.
Clearly, if f is α-Hölder continuous then it has finite 1

α -variation on [a, b]. We
set

‖f‖α := sup
a≤s<t≤b

|f(t)− f(s)|
|t− s|α

.

Young (1936) proved that the Riemann-Stieltjes integral
∫ b

a
fdg exists if f and

g have finite p-variation and finite q-variation, respectively, in the interval [a, b]
and 1

p + 1
q > 1. Moreover, the following inequality holds∣∣∣∣∣
∫ b

a

fdg − f(a)(g(b)− g(a))

∣∣∣∣∣ ≤ cp,qVarp(f ; [a, b])Varq(g; [a, b]), (4)

where cp,q = ζ( 1
q + 1

p ), with ζ(s) :=
∑

n≥1 n−s.

We are interested in stochastic processes Z of the form Zt =
∫ t

0
usdBH

s

where the stochastic integral is a path-wise Riemann-Stieltjes integral. By the
results of Young this integral exists, provided the trajectories of the process
u = {ut, t ≥ 0} have finite q-variation on any finite interval for some q < 1

1−H .
In fact, the trajectories of BH have finite 1

H−ε -variation on any finite interval.

Then given Z = {Zt, t ≥ 0} and Z
(n)
t as in (1) we are going to study the

asymptotic behavior, as n tends to infinity, of functionals of the form

F
(n)
g,h (Z)t =

∫ [nt]
n

0

h(Z(n)
s )g

(
Ż(n)

s nH−1
)

ds,

=
[nt]∑
i=1

g

(
nH

∫ i
n

i−1
n

uvdBH
v

)∫ i
n

i−1
n

h(Z(n)
s )ds,

where h and g are continuous functions.
Fix T > 0, denote by u.c.p. the uniform convergence in probability in the

time interval [0, T ] and ‖ · ‖∞ for the supremum norm on [0, T ]. Let cg(z) =
EW (g(zW )) for any z ∈ R, where W is a N(0, 1) random variable.
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We are going to impose the following condition on the function g:
(H) There exist constants α ∈ (0, 1], a, b ≥ 0 and 0 ≤ p < 2 such that for all
x < y we have

|g(y)− g(x)| ≤ C(ξ)|y − x|α,

where ξ ∈ [x, y] and the function C satisfies 0 ≤ C(u) ≤ aeb|u|p .
Then we have the following result.

Theorem 1 Assume (H). Suppose that u = {ut, t ∈ [0, T ]} is a stochastic
process with finite q-variation, where q < 1

1−H . Set

Zt =
∫ t

0

usdBH
s .

Then,

F
(n)
g,h (Z)t

u.c.p.−→
∫ t

0

h(Zs)cg(us)ds,

as n tends to infinity.

Proof. Let W be a random variable with standard normal distribution.
We obtain, for any m ≥ n,∣∣∣∣F (m)

g,h (Z)t −
∫ t

0

h(Zs)EW (g(usW )) ds

∣∣∣∣
≤ A

(m)
t + B

(n,m)
t + C

(n,m)
t + D

(n)
t ,

where

A
(m)
t =

∣∣∣∣∣
[mt]∑
j=1

∫ j
m

j−1
m

h(Z(m)
r )dr

(
g

(
mH

∫ j
m

j−1
m

usdBH
s

)

− g
(
mHu j−1

m
(BH

j
m

−BH
j−1
m

)
))∣∣∣∣∣,

B
(n,m)
t =

∣∣∣∣∣
[mt]∑
j=1

(∫ j
m

j−1
m

h(Z(m)
r )dr

)
g
(
mHu j−1

m
(BH

j
m

−BH
j−1
m

)
)

− 1
m

[nt]∑
i=1

∑
j∈I(i)

h(Z i−1
n

)g
(
mHu i−1

n
(BH

j
m

−BH
j−1
m

)
) ∣∣∣∣∣,

C
(n,m)
t =

∣∣∣∣∣ 1
m

[nt]∑
i=1

∑
j∈I(i)

h(Z i−1
n

)g
(
mHu i−1

n
(BH

j
m

−BH
j−1
m

)
)

− 1
n

[nt]∑
i=1

h(Z i−1
n

)EW
(
g(u i−1

n
W )
) ∣∣∣∣∣,
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and

D
(n)
t =

∣∣∣∣∣∣ 1n
[nt]∑
i=1

h(Z i−1
n

)EW
(
g(u i−1

n
W )
)
−
∫ t

0

h(Zs)EW (g(usW )) ds

∣∣∣∣∣∣ ,
where for each i = 1, . . . , n, I(i) = {j : j

m ∈ ( i−1
n , i

n ]}.
We have limn→∞

∥∥D(n)
∥∥
∞ = 0 almost surely. Indeed,

∥∥∥D(n)
∥∥∥
∞
≤ n−1

[nT ]∑
i=1

sup
s∈In(i)

∣∣∣h(Z i−1
n

)(cg(u i−1
n

)− h(Zs)cg(us)
∣∣∣

+

∥∥h(Z)EW (g (uW ))
∥∥
∞

n
,

where In(i) =
[

i−1
n , i

n

]
, and this goes to zero as n goes to infinity since the

trajectories of h(Z)cg(u) are regulated.
For any fixed n,

∥∥C(n,m)
∥∥
∞ converges in probability to zero as m tends to

infinity, by the ergodic theorem on Banach spaces. In fact, fix n and for any
constant K define

Ym,K =
1
m

∑
j∈I(i)

g
(
mHK(BH

j
m

−BH
j−1
m

)
)

,

and
Zm,K =

1
m

∑
(i−1)m

n <j≤ im
n

g
(
K(BH

j −BH
j−1)

)
.

By the self-similarity of the fractional Brownian motion, and for any constant
M > 0, the family of random variables

{Ym,K ,K ∈ [−M,M ],m ≥ 1}

has the same distribution as

{Zm,K ,K ∈ [−M,M ],m ≥ 1} .

Let C([−M,M ]) be the Banach space of real-valued continuous functions on
[−M,M ] equipped with the supremum norm. Then {g

(
·(BH

j −BH
j−1)

)
, j ≥ 1},

is a stationary sequence with values in C([−M,M ]). The ergodic theorem in
Banach spaces and the uniqueness of the L1 limit imply

E

(
sup

K∈[−M,M ]

∣∣∣∣Zm,K − 1
n

EW (g (KW ))
∣∣∣∣
)
→ 0, (5)

as m tends to infinity. As a consequence, we can write

P

(∣∣∣∣Ym,u i−1
n

− 1
n

EW
(
g(u i−1

n
W )
)∣∣∣∣ > δ

)
≤ P

(∣∣∣∣Ym,u i−1
n

− 1
n

EW
(
g(u i−1

n
W )
)∣∣∣∣ > δ, ‖u‖∞ ≤ M

)
+ P (‖u‖∞ > M) .
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The second summand in the above expression converges to zero as M tends to
infinity. The first one is bounded by

P

(
sup

K∈[−M,M ]

∣∣∣∣Ym,K − 1
n

EW (g(KW ))
∣∣∣∣ > δ

)

≤ 1
δ
E

(
sup

K∈[−M,M ]

∣∣∣∣Zm,K − 1
n

EW (g (KW ))
∣∣∣∣
)

,

which converges to zero as m tends to infinity by (5).
For the term A

(m)
t we first have

A
(m)
t ≤ ||h(Z)||∞S

(m)
t ,

where

S
(m)
t =

∣∣∣∣∣∣ 1
m

[mt]∑
j=1

(
g

(
mH

∫ j
m

j−1
m

usdBH
s

)
− g

(
mHu j−1

m
(BH

j
m

−BH
j−1
m

)
))∣∣∣∣∣∣ .

Applying Young’s inequality (4) yields

S
(m)
t ≤ m−1+αH

[mt]∑
j=1

a exp
(
bmpHRp

j

) ∣∣∣∣∣
∫ j

m

j−1
m

usdBH
s − u j−1

m
(BH

j
m

−BH
j−1
m

)

∣∣∣∣∣
α

≤ cp∗,qaLm,

where

Rj = max

(∣∣∣∣∣
∫ j

m

j−1
m

usdBH
s

∣∣∣∣∣ , ∣∣∣u j−1
m

∣∣∣ ∣∣∣BH
j
m

−BH
j−1
m

∣∣∣) ,

Lm = m−1+αH

[mT ]∑
j=1

exp
(
bmpHRp

j

) (
Varq(u; Im(j))Var 1

H−ε
(BH ; Im(j))

)α

,

and p∗ = 1
H−ε , 0 < ε < H . Fix δ > 0 and consider the decomposition

Lm ≤ L(1)
m + L(2)

m ,

where

L(1)
m = m−1+αH

∑
j:Varq(u;Im(j))>δ

ebmpHRp
j

(
Varq(u; Im(j))Var 1

H−ε
(BH ; Im(j))

)α

and

L(2)
m = δαm−1+αH

[mT ]∑
j=1

ebmpHRp
j

(
Var 1

H−ε
(BH ; Im(j))

)α

.
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We have
[mT ]∑
j=1

(Varq(u; Im(j)))q ≤ (Varq(u; [0, T ]))q < ∞,

and, consequently, the number of indexes j for which Varq(u; Im(j)) > δ is
bounded by (Varq(u;[0,T ]))q

δq = M . Hence,

L(1)
m ≤ Mm−1+αH(Varq(u; [0, T ]))α max

1≤j≤[mt]
ebmpHRp

j Var 1
H−ε

(BH ; Im(j))α.

From the properties of the modulus of continuity of the fractional Brownian
motion we know that there exist a finite random variable G1 such that if |t−s| ≤
1
2 ,

|BH
t −BH

s | ≤ G1|t− s|H
√

log |t− s|−1.

On the other hand, we have

Rj ≤ ‖u‖∞
∣∣∣BH

j
m

−BH
j−1
m

∣∣∣+ cp∗,qVarq(u; Im(j))Var 1
H−ε

(BH ; Im(j)).

Both inequalities imply that

Rj ≤ G2m
−H
√

log m, (6)

for some finite random variable G2. In fact, for any partition {ti} of the interval
Im(j) we have

(∑∣∣∣BH
ti
−BH

ti−1

∣∣∣ 1
H−ε

)H−ε

≤

(
G1

∑
(∆ti)

H
H−ε

(√
log ∆t−1

i

) 1
H−ε

)H−ε

≤ GH−ε
1

(
1
m

)ε√
log m

(∑
∆ti

)H−ε

= GH−ε
1 m−H

√
log m,

where ∆ti = ti − ti−1, and where we also apply that for α, β > 0 xα
(
log 1

x

)β is
an increasing function near the origin.

As a consequence, (6) implies that for any γ > 0 there exists a finite random
variable Gγ such that

ebmpHRp
j ≤ mbGp

2(log m)
p
2−1

≤ Gγmγ

for all m. Hence,

L(1)
m ≤ G3,γm−1+αH+γ max

1≤j≤[mt]
Var 1

H−ε
(BH ; Im(j))α.

for some finite random variable G3,γ . Therefore, L
(1)
m converges to zero when m

goes to infinity if Hα + γ < 1.
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To handle L
(2)
m we can assume that

‖u‖∞ + cp∗,qVarq(u; [0, T ])

is bounded by a constant M . Then, L
(2)
m is bounded by a random variable which

has the same law as

δαm−1

[mT ]∑
j=1

exp
(
bMp

(
|BH

j −BH
j−1|+ Var 1

H−ε
(BH ; [j − 1, j])

)p)
×
(
Var 1

H−ε
(BH ; [j − 1, j])

)α

which converges a.s. and in L1 to

δαTE
[
exp

(
bMp

(
|BH

1 |+ Var 1
H−ε

(BH ; [0, 1])
)p)(

Var 1
H−ε

(BH ; [0, 1])
)α]

< ∞

as m tends to infinity, by the ergodic theorem. In fact, the functional Var 1
H−ε

(BH ; [0, 1])
is a seminorm on the trajectories of the fBm which is finite almost surely. Hence,
we have that E

[
exp

((
Var 1

H−ε
(BH ; [0, 1])

)r)]
< ∞ for any r < 2 by Fernique’s

theorem (see Fernique (1975)), and we can apply the ergodic theorem. Finally
it suffices to let δ tend to zero.

By a similar arguments we can show that term B
(n,m)
t converges to zero, see

also Corcuera et al. (2006) .

3 Central limit theorems

Consider first the case where the process u takes the constant value z, that is,
Zt = zBH

t and h = 1. Assume that the function g is even. In this case,

F
(n)
g,1 (zBH)t =

1
n

[nt]∑
i=1

g
(
znH(BH

i
n
−BH

i−1
n

)
)

,

and this process has the same distribution as

1
n

[nt]∑
i=1

g
(
z(BH

i −BH
i−1)

)
.

The function H(x, z) given by

H(x, z) = g(zx)− cg(z)

can be expanded in terms of Hermite polynomials, Hm, in the form

H(x, z) =
∞∑

m=2

am(z)Hm(x).
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We have

v2(z) := lim
n→∞

Var

(
1√
n

n∑
i=1

g(z(BH
i −BH

i−1))

)

=
∞∑

m=2

a2
m(z)m!(1 + 2

∞∑
j=1

ρm
H(j)).

where ρH is defined in (3). So v(z) < ∞ is finite if H < 3/4. We have the
following theorem.

Theorem 2 Assume that H < 3/4, function g is even and verifies condition
(H). Then (

(BH
t ,
√

n
(
F

(n)
g,1 (zBH)t − cg(z)t

))
L→ (BH

t , v(z)Wt), (7)

as n tends to infinity, where W = {Wt, t ≥ 0} is a Brownian motion independent
of the process BH , and the convergence is in the space D([0, T ])2 equipped with
the Skorohod topology, for each T > 0.

Proof. The proof goes along the same lines as in Corcuera et al. (2006). The
first step is to show the convergence of the finite dimensional distributions. Due
to the self-similarity property of the fractional Brownian motion it is sufficient
to prove the convergence (B(n), Y (n)) L→ (BH , V ), where the components of the
first vector are

B
(n)
k = n−H

∑
[nak]<j≤[nbk]

Xj , 1 ≤ k ≤ N

Y
(n)
k =

1√
n

∑
[nak]<j≤[nbk]

H(Xj , z), 1 ≤ k ≤ N,

where Xj = BH
j −BH

j−1, and we denote by Jk = (ak, bk] , k = 1, . . . , N pair-wise
disjoint intervals contained in [0, T ] with |Jk| = bk − ak. The limiting vector
is centered Gaussian, BH is a fBm with Hurst parameter H independent of V ,
and V has independent components of variances v2(z)|Jk|. The proof of this
convergence result is analogous to Proposition 10 of Corcuera et al. (2006), we
only have to note that

∞∑
m=2

am(z)2m! = EW (H(W, z)2) < ∞,

where W is a N(0, 1) random variable. This is implied by the conditions on g,
since EW (g(zW )2) < ∞.

The second step is to show that the sequence Z
(n)
t :=

√
n
(
F

(n)
g,1 (zBH)t − cg(z)t

)
is tight. For s < t we have

E(|Z(n)
t − Z(n)

s |4) = n−2E


∣∣∣∣∣∣

[nt]∑
j=[ns]+1

H(Xj , z)

∣∣∣∣∣∣
4
 .
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By Taqqu(1977; Proposition 4.2) we know that, for all N ≥ 1

1
N2

E


∣∣∣∣∣∣

N∑
j=1

H(Xj , z)

∣∣∣∣∣∣
4
 ≤ K(

∞∑
u=0

ρ2
H(u))2,

Consequently √
E(|Z(n)

t − Z
(n)
s |4) ≤ C

[nt]− [ns]
n

and, by applying the Cauchy-Schwartz inequality, for any t1 ≤ t ≤ t2

E((Z(n)
t2 − Z

(n)
t )2(Z(n)

t − Z
(n)
t1 )2) ≤ C

[nt2]− [nt]
n

[nt]− [nt1]
n

≤ C(t2 − t1)2

and by Billingsley (1968, Theorem 15.6) we get the desired tightness property.
This completes the proof.

Remark 3 We could remove the condition on g of being even whenever the
first term in the chaotic decomposition of g is of order bigger than one. If g is
not even and there is a term of first order and H < 1/2 we still obtain, by using
the same arguments as before, a similar result to the previous one with

v2(z) =
∞∑

m=1

a2
m(z)m!(1 + 2

∞∑
j=1

ρm
H(j))

If v2 = 0 we could use another norming factor to obtain a non-trivial limit (see
Theorem 5 in Giraitis and Surgailis (1985)). Finally if 1/2 ≤ H < 3/4 and we
have a term of first order, then we would obtain that

n1−H
(
F

(n)
g,1 (zBH)t − cg(z)t

)
L→ a1B

H
t . (8)

but in this case we do not have stable convergence (see Lemma 4.1 in Taqqu
(1975)).

Consider now the the case of a general process u.

Theorem 4 Suppose that u = {ut, t ∈ [0, T ]} is a stochastic process measurable
with respect to FH

T , with Hölder continuous trajectories of order a > 1
2α . Set

Zt =
∫ t

0
usdBH

s , with 1/2 < H < 3/4. Assume that function g is even, it verifies
condition (H) and that the function h is β-Hölder continuous with β ∈ (2/3, 1]
and βH > 1/2. Then(

BH
t ,
√

n(F (n)
g,h (Z)t −

∫ t

0

h(Zs)cg(us)ds)
)

L→
(

BH
t ,

∫ t

0

h(Zs)v(us)dWs

)
,

as n tends to infinity, where W = {Wt, t ∈ [0, T ]} and the convergence is in
D([0, T ])2.
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Proof. the proof follows similar steps as in Theorem 4 in Corcuera et al.
(2006). In fact

√
m(F (n)

g,h (Z)t −
∫ t

0

h(Zs)cg(us)ds) = A
(m)
t + B

(n,m)
t + C

(n,m)
t + D

(m)
t ,

where

A
(m)
t = m1/2

[mt]∑
j=1

∫ j
m

j−1
m

h(Z(m)
r )dr

(
g

(
mH

∫ j
m

j−1
m

usdBH
s

)
− g

(
mHu j−1

m
(BH

j
m

−BH
j−1
m

)
))

,

B
(n,m)
t = m1/2

[mt]∑
j=1

(∫ j
m

j−1
m

h(Z(m)
r )dr

)
g
(
mHu j−1

m
(BH

j
m

−BH
j−1
m

)
)

−m1/2

[mt]∑
j=1

(∫ j
m

j−1
m

h(Z(m)
r )dr

)
cg(u j−1

m
)

−m−1/2

[nt]∑
i=1

∑
j∈In(i)

h(Z i−1
n

)g
(
mHu i−1

n
(BH

j
m

−BH
j−1
m

)
)

+
√

m

n

[nt]∑
i=1

h(Z i−1
n

)cg(u i−1
n

) ,

C
(n,m)
t = m−1/2

[nt]∑
i=1

∑
j∈In(i)

h(Z i−1
n

)g
(
mHu i−1

n
(BH

j
m

−BH
j−1
m

)
)
−
√

m

n

[nt]∑
i=1

h(Z i−1
n

)cg(u i−1
n

)

and

D
(m)
t = m1/2

[mt]∑
j=1

(∫ j
m

j−1
m

h(Z(m)
r )dr

)
cg(u j−1

m
)−

√
m

∫ t

0

h(Zs)cg(us)ds.

The term D
(m)
t tends to zero as in Theorem 4 in Corcuera et al. (2006), using

the Hölder continuity properties of the processes u and Z. In fact, we can write
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|D(m)
t | ≤ m1/2

[mt]∑
j=1

∣∣∣((cg(u j−1
m

)− cg(ut̃m
j−1

))
∣∣∣(∫ j

m

j−1
m

h(Z(m)
r )dr

)

+ m1/2

[mt]∑
j=1

(∫ j
m

j−1
m

|h(Z(m)
r )− h(Zt̃m

j−1
)|dr

)
cg(|ut̃m

j−1
|)

+
1√
m

‖cg(u)h(Z)‖∞

≤ m−1/2

[mT ]∑
j=1

C1|u j−1
m
− ut̃m

j−1
|α||h(Z)||∞+

+ m−1/2

[mT ]∑
j=1

C2 sup
s∈Im(j)

|Zs − Zt̃m
j−1
|cg(ut̃m

j−1
)

+
1√
m

‖cg(u)h(Z)‖∞ ,

where t̃mj−1 ∈ Im(j) and C1 and C2 are random variables independent of m.
Hence

∥∥D(m)
∥∥
∞ → 0 because aα > 1/2 and Z is Hölder continuous with index

H − ε > 1/2.
To show that A

(m)
t tends to zero, we can use a combination of the arguments

in Theorem 1 and Corcuera et al. (2006) Theorem 4 together with the stronger
condition on the Hölder continuity of u. Also by using the previous theorem and
the stable converge we can proof that

C
(n,m)
t

L→
[nt]∑
i=1

h(Z i−1
n

)v(u i−1
n

)
(
W i

n
−W i−1

n

)
For the term B

(n,m)
t we have, by taking into account that supt x is a continuous

functional with respect to the Skorohod topology, that

lim sup
m→∞

P
{

B
(m,n)
t > ε

}
≤ limP

{
[nT ]∑
i=1

sup
s∈I(i)∪I(i−1)

(
m−1/2

∣∣∣∣∣m
(∫ s+ 1

m

s

h(Z(m)
r )dr

)
×

∑
j∈In(i)

(
g
(
mHus(BH

j
m

−BH
j−1
m

)
)
− cg(us)

)
∑

j∈In(i)

h(Z i−1
n

)
(
g
(
mHu i−1

n
(BH

j
m

−BH
j−1
m

)
)
− cg(u i−1

n
)
) ∣∣∣∣∣
)

> ε

}

= P


[nT ]∑
i=1

sup
s∈I(i)∪I(i−1)

|h(Zs)v1(us)− h(Z i−1
n

)v(u i−1
n

)||W i
n
−W i−1

n
| > ε

→ 0,
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as n tends to infinity, where we use the fact that the function v(z) is α-Hölder
continuous whenever H < 3/4 and that Z is Hölder continuous with index
H − ε > 1/2.

León and Ludeña (2004) study the asymptotic behaviour of F
(n)
g,h (Z)t assum-

ing that Z is the solution of an stochastic differential equation driven by a fBm
with H > 1/2 of the form

Zt = z0 +
∫ t

0

b(Zs)ds +
∫ t

0

σ(Zs)dBH
s ,

under certain restrictions on the coefficients b and σ. If b = 0 and σ ∈ C1(R)
we can write Zt = f(BH

t ), with f solution of

df(t) = σ(f(t))dt (9)
f(0) = z0.

In order to show the previous results of León and Ludeña (2004) and try to
compare them we need to give some definitions and conditions.

Definition 5 A function f has exponential growth if there exists a > 0 such
that |f(x)| ≤ ea|x| and we will say that f has sub-exponential growth if f ◦h has
exponential growth for all h with exponential growth.

(G) g is a even continuous function such that:

(1) g has sub-exponential growth.

(2) For all y > x, |g(y)− g(x)| ≤ C(ξ)|y − x|, where ξ ∈ (x, y) and C(ξ) has
sub-exponential growth.

(3) If a > a0 > c > 0, then g(ax) − g(a0x) =
∑3

i=1 Ri(a0, x)(a − ao)i +
T (ξ, x)(a− ao)4, where ξ ∈ (a0, a).

Under these conditions León and Ludeña (2004) obtain the following results.

Proposition 6 Let g be a function satisfying (G). Assume that h, σ and σ′

have subexponential and f solution of (9) has exponential growth. Consider the
process Zt = f(BH

t ) solution of

Zt =
∫ t

0

σ(Zs)dBH
s .

Then,

F
(n)
g,h (Z)t

P→
∫ t

0

h(Zs)cg(σ(Zs))ds.

13



Note that if a function f has subexponential growth then it has exponential
growth since |x| ≤ e|x|. So (2) in condition (G) implies that g verifies condition
(H)with α = 1 and p = 1, so the previous Proposition is implied by Theorem
(1). León and Ludeña also show that the convergence is in quadratic mean but
they have to assume that h has subexponential growth, on the contrary we do
not put growing conditions on h.

(J) h, σ and f are such that there exists γ > 0 such that, for all t ∈ (0, 1)

E(exp{γ2

2

∫ t

0

h2(Zs)v2(Zs)ds}) < ∞

Theorem 7 Assume h, σ ∈ C4 have sub-exponential growth as well as their
derivatives. Supose f has exponential growth and that g is an even function.
Assume 1

2 < H < 3
4 , then under conditions (G) and (J) we have

√
n(F (n)

g,h (Z)t −
∫ t

0

h(Zs)cg(σ(Zs))ds) L→
stably

∫ t

0

h(Zs)v(σ(Zs))dWs

where W is a Wiener process independent of Z.

Again (2) in condition (G) implies that g verifies condition (H) with α = 1
and p = 1. In such a situation there is not restriction on the process u in our
Theorem 1 apart from the fact that

∫ t

0
usdBH

s has to be well defined. Also
smoothness conditions on h in the previous Theorem imply the condition on h
in Theorem 1. So the previous theorem is implied by Theorem (1). Finally, León
and Ludeña (2004) extend the results for the case b(x) = σ(x)µ where µ is a
constant. They use a Girsanov version for the fBm and the invariance property
of the stable convergence under any absolutely continuous change of measure,
see Theorem 2 there. The same arguments could be used here to extend the
results to this case.
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Subject Classification: 43A65, 42B15, 46E30. September 2006.

– 388 The Sherrington Kirkpatrick model with ferromagnetic interaction. Agnese Cadel and Carles
Rovira. AMS Subject Classification: 82B44, 82D30, 60G15. November 2006.
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