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1 Introduction

In this paper, we consider stochastic processes X = {X;,t € [0,T]} given by indefi-
nite multiple integrals on the n—dimensional simplex {(f1,...,6,) € R} : 0 < 0; <
-+ < 0, <t} with respect to a fractional Brownian motion (fBm). The integrands
are allowed to depend also on the parameter ¢t. Under suitable assumptions on the
integrands, depending whether the Hurst parameter H belongs to ]%, 1] or ]i, %[,
we prove Holder continuity of the sample paths, a.s.. Then we establish a large
deviation principle (LDP) in Hélder norm for the family of laws of £3 X.

For the standard Brownian motion (sBm), a similar question has been addressed
in [11]. The authors consider different assumptions on the integrands ensuring a.s.
continuity of the sample paths of the integrals; then they prove large deviations
principles in the space of continuous functions endowed with the supremum norm.
Geometric rough paths based on processes with y—Holder continuous sample paths
give rise to random vectors whose components are multiple Stratonovich integrals
up to order [%], where [-] denotes the integer value. A large deviation principle
for the rough path lying above the standard Brownian motion has been proved in
[8]. The norm under consideration is the p—variation norm used in the rough path
analysis (see for instance [10]). The higher order of the multiple stochastic integrals
involved is in this example n = 2. For the fractional Brownian motion with Hurst
parameter [ €], 3[U]%, 1[, a similar result has been proved in [12]. We notice that
the non trivial part of it corresponds to the values H G]i, %[ and that one needs to
deal with multiple stochastic integrals up to order n = 3.

This paper is motivated mainly by [11] and [12] in the following sense: As in [11],
we want to consider multiple indefinite integrals of any order and on the other hand,
we wish to deal with sharper norms, like Holder norm, and with the fBm.

The main body of the paper is devoted to the construction of the indefinite multiple
integral on a simplex with respect to the fBm, and the study of its sample paths.
The corresponding results are gathered in Section 3. Starting from the results and
ideas in [1] for n = 1, by means of a recursive argument, we are able to give a
meaning to the multiple integral with respect to the fBm as a multiple integral with
respect to the sBm. For this, we identify the kernels corresponding to increments
in time of such integrals. With suitable assumptions, we prove that these kernels
define continuous operators on the space of the integrands taking values on spaces
of Hoélder-continuous functionals (see (13) and (21)). By means of the hypercon-
tractivity property of Gaussian chaos, the Holder continuity is transferred to the
sample paths of the integrals.

We should mention the fractional calculus approach (see for instance [18]) to multiple
definite integrals with respect to the fBm given in [16], and to indefinite integrals of
progressively measurable processes with respect to the fBm -including sample path
properties- in [4]. In contrast, as we have mentioned before, our approach follows
[1] (see also [6] and [5]). Tt is based on anticipating integrals of Skorohod type; thus,
on techniques from Malliavin calculus.

Once we have identified the functional spaces where our fBm functionals live, we
can study what LDP they do satisfy. In [7], a LDP for random vectors in a Banach-



valued homogeneous Wiener chaos of any order n is established. The elegant proof
relies upon isoperimetric methods. This provides the suitable framework for our
study. In fact, in Section 4 we first identify the abstract Wiener space associated
with the fBm as a Gaussian process with Holder continuous paths. Then we notice
that the space of y—Holder continuous functions can be embedded in a separable
Banach space (see the first part of Section 4 for some details and references). With
this and the results of Section 3, we see that the indefinite multiple integrals with
respect to the fBm are Banach-valued random vectors in a Wiener chaos. Therefore,
the results of [7] can be applied. A similar approach could be used for the sBm to
obtain the LDP stated in [11] and very likely with sharper norms.

2 Preliminaries and notation

We start the article with this section devoted to fix the notation and recall some
known facts that will be intensively used throughout the paper, refereeing to [15]
and the references herein for additional details.

Let BH = {BtH, te[o, T]} be a fBm with Hurst parameter H €0, 1[. The process

BH can be represented in terms of a stochastic integral with respect to a sBm
W ={W,, t €[0,T]} as follows:

t
B = [ Ku(t,0)awy, (1)
0

where dWj denotes the Ito differential and
- ol 1 t v 0 3—H
Ku(t,0) = cn {(t _ ) <2 _ H> /9 (u—6) (1 _ <u> du'. (2)

and cy is some positive constant depending on H. Then

o

0Ky 1N [0\ ! o3
S(6) = cn (H - 2) <t> (t— )" (3)
Thus, for H €]0, 1], the derivative 252 (¢, 6) is negative and moreover,
K 3
aatH(t 0) < Cylt — "> (4)

Notice that for H > 1 the kernel Ky (t,6) is regular and for H < 1 it is singular.
For any h € L*([0,T]) we define the operator Ky by

(Kuh) ( /KHt0 )do.

Let € be the set of step functions on [0,7]. We define the L? ([0, T])-valued linear
operator Kj; on &£ by

(Kirg) () = 0) i (T.0) + [ [o () = 0 (0)] Ko, 0) )
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The operator K7 is the adjoint of Ky in the following sense:

For any function ¢ € € and h € L? ([0, 7T]), one has

T T
| i) () b () dr = [ o (r) (Kuah) (dr). (6)
Replacing h(s)ds by dWs, with the same proof of (6) it can be checked that for any

¢ € & the element BY (@) := [ @(0)dB} of the first Gaussian chaos associated
with the fBm can be written as

B ()= [ (o) (0) Wi,

Let t € [0,7]. Then
(Kia0) (0) - = (K7 (el ) 0)
= () 0+ [ o ()~ o (O] Knldr,0) (7)

Notice that K} = KJ;.
Thus,

B" (90]1[0,1&]) = /Ot p(0)dBg" = /Ot (K;I,#P) (6) dWy.

For H €]3,1] and ¢ € &, the kernel K}, has the simple expression

(Kive) 0) = [ o) K(dr, ). (®)

For this same range of H, denote by ‘HH ‘ the linear space consisting of measurable
functions ¢ defined on [0, 7] such that

- T [ T 2
el = [ ([ 1ol Kntare)) as

T T
=au [ [ Lol lel Ir = € drdg < oo,
where ay = H (2H —1). The space ‘HH‘ endowed with the norm |||, is &

Banach space. Holder’s inequality with exponent ¢ = % and the Hardy-Littlewood-
Sobolev inequality (see for instance, [19], page 354) yields

Il < ba 1214 o - (9)

For H €]0, 5[, we introduce the seminorm on &

T T [ [T 2
2 2 2
ol = [ cain (07 as-s [ ([ 1o = eal utar o)) a9
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By Hk,,, we denote the completion of £ with respect to this seminorm. It consists
of functions ¢ defined on [0, 7] such that ||g0||§(H < 00.
For any t € [0, T, set

A ={(6,...,0,) R :0< 0, <--- <0, <t}

Throughout the paper, we denote by ]HIA(A% )), A €]0, 1], the space of A-Holder

continuous functions on the k—cubes contained on Aﬁ”), 1 < k < n, endowed with
the norm

||h||HA(A(")) - sup ‘h(@l,,en)l
' (O1,....00) A
n n . .
|AM R (G, Oy T )]
oy p JNSSU SN |
k=1i1<...<ip=1 (91 ..... Gn)EAE") H ’)"Z" i 92
0<0;; <riy <Oi, <riy<...<0;, <r; <t j=1 J ’

where for n =1, A'W(0,r) = h(r) — h(0), and for n > 2,
AR (01, 0n;mi) = h (01, iy, 0n) — (01, 05, 0n),

Ulyeesll— .
—A ’“1h(91,...,Qik,...,Hn,ril,...,rik_l),

2<k<n.
Given a Banach space B, we shall denote by C* ([0,7];B) (C*([0,T]), when B = R)
the space of A-Holder continuous functions endowed with the norm

[h(t) — h(s)|l
|Blleorymy = sup [|A(t)ll5 + sup 72,
0<t<T 0<st<T |t — $]
s#t

For n = 1, the space H*(A{Y) is usually denoted by C*([0,T]).
For any p € [1, 00|, we denote by D'?(B) the space of B-valued random variables YV’
satisfying
T 5
V1o = BV +E ([ 107 I2d0) < 0

In the next Propositions 2.1 and 2.2, we shall use this notation for B = ’HH ’ and
B = Hg,, , respectively.

For B = R, we write D'? instead of D'*(R), and this is the usual Sobolev-Watanabe
space associated with the Wiener process W'.

Set

t
th/ wpdBY, te[0,T],
0

where the meaning attached to the stochastic integral is that of [1], that is

/0 "upd B = /0 t (K ) (6)dWs.
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The sample path properties of the multiple stochastic integrals investigated in this
paper rely on results telling us what properties on the integrand u imply that the
stochastic process {X;,t € [0,T]} exist and its sample paths are Holder continuous
functions.

An answer is provided by Propositions 3 and 1 of [1], by considering the fractional
Brownian motion as Gaussian process and taking in these statements a = H — %,
with H €]%,1[, and oo = § — H, with H €]0, 5[, respectively. The next Proposition
2.1, gives a slightly different result when H 6]%, 1], while Proposition 2.2 is just a
quotation of Proposition 1 of [1].

Proposition 2.1 Let H €]5,1[ and p € [2,00[. Consider a stochastic process
u = {uy, t €[0,T)} belonging to L ([0,T]; D). Then u € D'» (‘HHD and the
stochastic integral process X = {X;,t € [0, T]} is well defined and consists of random
variables in LP(S).

Furthermore, if gH > 1, and u € L4 ([0,T]; DY), then

E|X; — X [P < COJt — s,

Hence, if p(H — 1/q) > 1, the process X has y—Hdélder continuous paths, a.s., with
v €l0,H —1/q—1/p[.

Proof: By applying twice Minkowski’s inequality, we have

E (Jlullf)

_ ‘/DTdQ (/eTlurlK(dT» 9)> Lp(ﬂ))
(Lol tpmval, ) ) = (£ (oo

By using first Fubini’s theorem and then Minkowski’s inequality three times, we

obtain
2
L2( [OvT]))

T 9 % T
E(/O ||D,7u|||HHdn> —E /Odé?

P
212

T T
< /deH/ lup | K (dr, 0)
P 0 0
2

LZ(Q)

. :
w 2RE )

or

[N]4S)

T
/9 D | K (dr, §)

T T 2||%
S \/() d@ </€ HD-UTHLQ([QT])K(dT? 9))
L5 (@)
v >\
< /d@”/ | D 2oy K (dr, )
0 0 Lo(9)
T T 2\ %
<|[ a0 (/9 ||ur|yl,,,K(dr,9)>
0



Since by (9)

T T 2 , T N 2H
[ (] sy Ratar) o < ([ )

we obtain that u € DY (’HHD
For 0 < s < t, following the proof of Proposition 1 in [1], we can write

X, — X, — / (/ Kyt (dr, e)) dW9+/ (/ wKn (dr,9)> AW,

Thus, Meyer’s inequality implies

ya
2

E|X, - X, < C(p) (S} +53)°
with

t
$1 = [Bout [ el K (dr.

(o)

t
52 = ‘]l]s,t[ / ||ur||1,p KH (d’f’, )

r2((o.)

By comparing the domains of integration in the terms S; and Sy above with that
of H||ur||1,p]1}s,t[H|HH| we see that

52+ 5% < [[lelhp B[ -

Then, applying (9) we obtain

E|X; = X" < C(p, H) ||[[urll1p Do

P
‘ #(j01))

Notice that this last integral is finite.

Fix ¢ > 1 such that ¢ > 1. By applying Holder’s inequality with p’ = ¢H,

! 4" \we reach
b o) (/!WAhuﬂ>

q = qH-1"
2
H— q
(#= 0 ([ )

H-1
< (t =Tl oy

letellsp Bt

IA

Consequently,
E|X, — X,|" < C|t — s 19,

and we conclude by applying Kolmogorov’s continuity criterion. 0



Proposition 2.2 Let H €]0,3[, p € [2,00[. Suppose that the stochastic process
u = {u, t €[0,T]} belongs to C*([0,T];D"P) for some A+ H > 5. Then u belongs
to the space D' (Hy, ) and the stochastic integral process {X;,t € [0,T]} is well
defined; it consists of LP(2) random variables and satisfies E|X; — X, [P < C|t—s[PH.
Consequently, if pH > 1, a.s., the sample paths are v—Hoélder continuous with v €
]07 H — 1/]9[

3 Multiple stochastic integrals of deterministic
functions with respect to a fractional Brown-
ian motion

In this section, we study conditions on deterministic functions i defined on [0, 7)™
allowing to define the indefinite multiple stochastic integral with respect to a frac-
tional Brownian motion

IEHLH (h) = /A(n) h(0y,...,0n) dBGIf o 'ngi’ t < [0,7].

e The case H €]3,1][.
Fix 0 <s<t<T. We set

t
(KGOR) (02) = [0 () Ko (dra,00) T (01)

01

t
+ / h(r1) Kg (dry, 01) To s (61)1gsz03, (10)
and for any integer n > 2,

(K50R) (01, 6,)
t

= (K50 (7)) (01, 0nr) Kogr (dr, 0,)

Vie 0 o
Xﬂ[oﬂ"*l (617 cee aen—l)ﬂ]s,t[(en)
t *,(n—1)
[ (KRR () (0, 0ny) Ky (dra, 0,)
Vi:l 07;\/8
X]l[o,t]"—l (01, ... ;en—l)ﬂ]o,s[(en)ﬂ{s¢o},
(11)

where we write K;jf.m) for KE,%?)-



Proposition 3.1 Fiz H €], 1] and a natural number n > 1.

1

29

a) Let h € L (AM™). Then, for 0 < s <t <T,
T

|#iisa

<22 |l

L2([0.4") ’L%mi")) ’ (12)

where b is the same constant as in (9). Thus, K};@ : L (AM) — L2([0,4]™)
defined in (10) and (11) is a linear continuous operator.

(b) If h € Lq(AéF)) with gH > 1, then for 0 <s <t <T,

| ooy < 22050 M apgon 1= 1771 (13)
Proof: Let n = 1. Owing to (10),
(1)
HKH,s,th‘ L2([0.4)) S Tl + T27
with
t
7= ooy [ ) K ()|
: L2([0,1])
t
T:’]l]l /hrKdr,- .
2 = |ho.s g0y | (r1) K (dry )Lz([o,t])

As in the proof of Proposition 2.1, we see that
T2+ 13 < Wl
1 2 = st |HH | '

(14)

Indeed, it suffices to compare the domains of integration of the terms 77 and T5
above with that of Hh]l]&t[ﬁ Then, applying (9) we obtain (12) for n = 1.

HH|
Holder’s inequality with p’' = ¢H, ¢ = qgﬁ 7, yields
_ JH-1/q _ JH-1/q
Hh]]]s’t[ ‘L%([O,T}) < Hhﬂ]s’t[ La([0,T)) [t = sl < [1Bll oo,y It = 8] :

Hence (13) holds for n = 1.

Assume now that (12) holds up to an integer n’ > 1. Let h € L%(AEHIH)). Then
h(-yTpi1) € L%(Afu":ll), for all r,,y; € [0,t], a.e. and the induction hypothesis
yields

wy < 2205 R )|

Ki%) h(yrag)
Hyrpr gy A0 T4 LA )

22([or]

for all 7,41 € [0,1], a.e.

/ 2
From (11) it follows that ‘ K}}gf;”h

L2(jo.4™'+1)

< 2(Q1 4 Q2), with
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2

9

t t ,
Q1 :/8 do,,, /\/ﬂ’“a (K5 b (ymn)) (K (s, 6u)

L2([0,")
2

t !
/n, - (KH(:/) h(.jn,ﬂ)) (VK g (drp1, Onir)

n’'+1
Viz1ti

0 [,

L2([0,4"")
Minkowski’s inequality yields

¢ t )
Q1 < /8 dBys 41 </9 HKZ,(ZL,)Hh(',Tn'H)

n'+1

L2(0,7, 4]

2
/ KH(dT'n/—i-la 9n’+1>>

2
, , [t t
<2 [ dbas ( L)l o Ko <drn/+1,9nf+1>)

n/+1 Tl 41

and

s t , 2
QZ S/O den’+1 (/ HKI?,(ZL/)Hh('vrn’Jrl) KH<dTn’+179n’+1))

L2([Ovrn’+1}nl)
2

" om! s t
<26 [ df ( S UGy B <drn/+l,en/ﬂ>) .

Notice that, except for the constant 2”/6%}“, the upper bounds of the terms @1, ()2
coincide with T2 and T3, respectively, with h := ||h(-,rpi1)| 1

LE @A) )
Thus, using (14) and (9)

*,(n'+1 1 1
HKH:(SJJF )h L2([0,qn/+1) < 2z (Ql + Q2)2
n/+1
<2 0 | Al o T
A g
n +1 n
S b '+1 ”h(’ 7’n’+1)” (A(nl) ]1]5715 .
Turg1) LH ([0,77)
S Hh]l]s t[‘ (A(n +1))

This proves (12) for n’ + 1.
The upper bound (13) for n’ 4+ 1 follows by applying Hélder’s inequality, as we did
for n = 1 in the first step of the proof. O

Theorem 3.2

(A) With the same hypothesis as in (a) of Proposition 3.1, the integral stochastic
process 1WA (h) = {I,E”)’H (h); t €0, T]}, n > 1, is well defined as an iterated
integral and for any 0 < s <t < T,

1" () — T () = /[0 - (K50R) (01, 0,) AWy, ---dWy,,  (15)

with K}k{(:z, given in (10) and (11).



(B) Suppose the same hypotheses as in (b) of Proposition 3.1. Then, for any
peE2,00[and 0 <s<t<T,

e -1

s

<C|K5

< <Clt—s"M, (16)
LP(Q) )

L2([0,¢]™

for some positive constant C' depending on q, p, h and H.

Consequently, the sample paths of 1™ (h) are v—Hdélder continuous with v €

Proof: Let us show (A). We start by noticing that for n = 1 the equality (15) has
already been met in Proposition 2.1 (see the proof of Proposition 3 in [1]).
Assume that (15) holds true up to an integer n’ > 1. Let h € L%(Agfllﬂ)).
By the induction assumption, for any 7,3 € [0,t], a.e., the random variable
I,E:;Z:I (h(-,7n41)) is well defined as an iterated integral.

Fix p > 2. The rules of the Malliavin derivative for the standard Brownian motion
and the hypercontractivity inequality (see for instance [9]) imply

L (h ()|, < COp) [KGSE BCra)

Tn’+1

1

L2 ([o,rn/+1]"/)
“Lﬁ(A&T;’,Ll) ’

S C(n/>p7 H) Hh(a rnurl)

for any r,11 € [0,1], a.e.
Thus,

T, 1 H
([ T o[ ane)

H
T 1
, 1
S C(n ,p, H) (/0 ||h(”]"n/+1)‘|f%(A£:LL,l)+1) d?‘n/+1>
o /
=0, H) IRl ;) < 00

Thus, the process {Iﬁ:gf{ (h(-,7n41)); Tyt € [O,T]} belongs to L ([0,T]; D),
for any p > 2.
By applying Proposition 2.1, we can write
/ ’ T * n'
Ign A (h) - Ign +h.H (h) - /0 (Kfi,(sl,sza(( )H <h<7 *))> <9n’+1>dW9n/+1'

Owing to (10), the last term can be decomposed into the sum of two terms denoted
by M, My, and defined as follows:

ar )
M, = / (/9 Iﬁ:,l’f{ (h(, rn’—l—l)) KH(dTn’-‘rla 0n’+1)> dWGn/Jrl?
s /41

s t ,
My = /0 (/ 1A (h('arn’—i-l)) KH(dTn/+1,9n'+1)ﬂ{s¢o}> dWan/H-

Tl 41
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We now apply the induction assumption to write all these terms by means of (n'+1)—
multiple integrals, obtaining

= (L

o (B ) (O O AWy - dVV,, )

7L’+1]

! +1
X Kp(drass, en,ﬂ))dwgn/ﬂ, (17)
= ([ K5 ho Or.. . B AWy, - - dW,
2 n! Hyrorg ( 7rn/+1) ( 15+ n/) 01 0,/
0 s [Oan/+1] n
X Kialdrss, 6 Uiy ) AW, (18)

Finally, by the stochastic Fubini theorem applied to (17) and (18), we obtain
Ign/+1)’H(h) . Ign’—i-l),H(h)

¢ *,(n’)
~ S s </v7ﬁ19i (KHanfﬂh ¢, r”’“)) (01, Ow)

X Kpy(dro 1, en,ﬂ))dwgl e d Wy, AWy,

+/ (/t (K}'}(n/) h(-,rn/+1)) (617"'7077/)
[O’t]n/X]O,S[ \/?;101'\/3 ,T‘n/+1
X KH(drn/—i-h Qn/—i-l)]l{s;éo})dWel e den, den,+1,

That is,

Ign/+1),H (h) o Ignurl),H (h) — / (KE,(Z;H)’”L) (91’ o 7gn,+1) AWy, - - - dWen,H

[07t]n/+1

(see (11)). This ends the proof of (15) and also that of (A).

For the proof of (B), we consider (15) and we apply the hypercontractivity inequality
and (13). Then the conclusion on sample path regularity is a consequence of the
Kolmogorov’s criterion. 0

In the next section, we shall consider indefinite multiple integrals with integrands
depending on the upper bound of the integration domain for which we shall apply
the following Corollary.

Corollary 3.3 Let H €]1,1[, 3 €]0,1[ and h be a measurable function defined on
[0, T)"* such that the mapping t —— h(-,t) belongs to CP ([O,T];Lq(Ag))), for

qgH > 1. Then, the integral process {Ig")’H (h(-,t)), t € [O,T]} given in Theorem
3.2 has y-Hélder continuous sample paths, a.s., with v € [0, 3N (H —1/q)|.

11



Proof: Let p € [2,00[. The hypercontractivity inequality and (13) yield

[L4 (B, 1)) = XM (R, 5))

Lr(Q)

()
< | /[O’t]n (K5O (1)) (01, ... 0) AWy, -~ AW, o
+ ‘ / (K [A™ 0 (-, 5:0)]) (O, 0,) AW, -~ dW,
0.9" Lr(@)
< Cln.p) [HKEv(th("t) paos B (AT s:)] L?([o,sm]

< _ H-1/q _ B
< 0 T H) | Wl o) 1= 5175 Wl )
(H=1/q)AB
The conclusion follows by applying Kolmogorov’s criterion. U

e The case H €1, 1].

Let us introduce the functions that will appear as kernels of increments of the
indefinite multiple integrals. Fix 0 < s <t <T. We set

(KHOR) () = h (01) K (£,601) oy (61)

+ . [h (7’1) —h (91)] Ky (d?"1, 91) ]I}S:t[ (91)

t
+/ h(ri) Kg (dry, 01) To s (01) Dgszo, (19)
and for any integer n > 2,
(K50R) (01, 6,)
= (K55 RC00)) (O, Onr) Ky (£.00) B g o (01, Oty (0)
t
(G I Cr) = 1 0)]) O 0m) K (A, 0,)
Xﬂ[ojan]n—l (91, PN ,enfl)]l]&t[(en)
t *,(n—1)
+ (K5Gh (o)) (01, 0n1) Koy (dra, 0,)
Vit 0i
X]]'[O t]nfl (917 e Hn_l)]l]s7t[<0n)
+ / g (ST C00) O B) Ko a6,
Xy g1 (917 ey O 1) 5 (0n) Tisz0y,

(m)

where we write K7 (m)

. *,
instead of Ky .
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Proposition 3.4 Fiz H €], 1[ and a natural number n > 1. Let h € H(AY ) for
some X satisfying A + H > % Then, for0 < s <t <T,

|&5m

H
ooy S CONH) [y It =17 (21)

with some positive constant C(T, X\, H). Thus, K57} + H}AM™) — L2([0,1]")

,8,t
defined in (19) and (20) is a linear continuous operator.

Proof: Let n = 1. Owing to (19),

it

L2([0,¢])

t
< 0O Kat ool o+ | [ 8% )] Kl B

t
/ h(r1) Ky (dry, ) T o Tgsz0y

L2([0,2])

_|_

L2([0,4])

‘/ Iy — MK (dr, )] Ty

< ol oy | B ()

Lot L2([0,4])

t
+ / | K (dr, )| o s g0y ]
L2([0.4)

< C(T, N\ H) ||| (AD) it — |,

where in the last estimate we have used (4). Thus, (21) holds for n = 1.

Suppose now that (21) holds up to an integer n’ > 1. Let h € H’\(Agnlﬂ)).
The functions h(-, gyy1) and AY R Dpray; To +1) for any fixed 7,11 < t and
Tl < M +1 < t, respectively, belong to ]HI’\(A( ) ) From (20) it follows that

HKHnH)h <23< il 1R) with

L2(fo,™' 1)

' 2
R :/ ! K*’(n) h'aen’ 07"'7077/
1 [O,OH,H]" X]Sat[( H 01 ( 'H)) ( 1 )
X K (£, 0041)2 0y - - dOrdf, 1
' w(m') [ An/tl
R, :/[O r,ﬂgﬂ(/%l (K5S) (A (013 mwi0)|) (61, )
2
x|Kn (drn’+1>9n/+1)\> A, - - - Ay Ay 115
t !
R :/ </ K*,(n) h.7 " 9,“.’0n/
P S sl vzﬁlai( OB T ) (6 )
2
K st (drrsn, O] ) 40, - B,
t !
R:/ </ K*,(TL) h.’ n 9’“.’07#
b S 00 Vfilgi\/s( 1007 H))( L )

2
S K gt (drs, O] ) d6y - db,db, 1.

70n’+1
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Applying Minkowski’s inequality to each one of these terms and the induction as-

sumption, we obtain,

K (t,0,11)" Oy i1

Ell s () 2
i S/s HKH’Q”'“h(.’ean) LQ([O’(’n’H]n/)

t
< C(T7 )‘7 H>/s Hh('ven’+1>H§p(Aén’) )KH (t79n’+1)2 den’+1

n!/4+1

< C(Tv A H) ||h||I2HI>\(A§"/+1)) |t - S|2H7 (22)
s (1) 1
< AT n . ’ N / /
R2 B /s </9n/+1 HKH’BRI-H [A h( 7971 i Tn +1)} LQ([O,GnH—l]n)
2
X |y (s, Ours)| ) B
t t
n'+1yp /. i )
= O(T’ )\7 H) /s (/Gn/-u HA h( ’ Qn Lt +1>’ HA(A§:/>+1)
2
x |Kg (drn’+1:9n/+l)‘) A0 11
< C(T, A H) Al y o0,
t t N 2
<[ ( [ s = bl K, 9n/+1)|) e
S ! +1
< C(T, A H) (1B yorom, [t = s, (23)
t t " (n’)
R S/s </9n/+1 HKH,en,H,rn/Hh('ﬂ”n'+1) Lz([07rn,+1]”/)
2
x |Kg (drn’+170n’+1>|> dByr 41
t t
< C(Ta AaH)/S (/0 ) Hh('7rn/+1)|’HA(A£n,/)_‘_1)
n'+1 n
2
% s = Ol [Kir (Ao, )] ) e
< C(T A H) [l o0,
t t H 2
< | ( L T = O™ K (s, 0n/+1>|> db 1
s n! 1
(24)

< C(T7 A, H) HhH]?.]p\(AE"”rl)) |t - 8‘4H )
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Ry < / ( 22 ([om]”)

2
X | Ky (drn’+179n/+l)‘) A0 11
s t 2
<craH) [ ( S IRC )l o K <drn/+1,en/+1>1> .
S Tl 41

s t 2
<C(T,\H) ||h||12ﬂp A(n'+1>)/0 (/ |KH(d7"n'+179n'+1)|> dbp 11
< O H) [ oo £~ 5. )

With (22), (23), (24), (25), we see that (21) holds for n = n’ + 1 and this ends the
proof of this proposition. 0

Theorem 3.5 With the same hypotheses as in Proposition 3.4, the indefinite in-
tegral stochastic process 1M (h) = {IE")’H (h), t € [O,T]} is well defined as an
iterated integral. Moreover, for any 0 < s <t <T,

L () = 1 () = |

[0,¢]"

(K30R) (01,0, AW, --- Wy, (26)

with K};(:z, given in (19) and (20).
Thus, for any p € [2,00],
n),H n

[T () =30 ()

S

<c||K58n

<Ot — s, (27)

P(©) L2([0,4]7) —

for some positive constant C' depending on p, h, T, X\ and H.
Consequently, the sample paths of 1™ (h) are v—Hélder continuous with y €0, H].

Proof: Let us prove first (26). For n = 1, it is an immediate consequence of
Proposition 2.2. The formula (26) is given in the proof of Proposition 1 of [1].

Assume that (26) holds up to an integer n’ > 1. Consider a function h € H* (A(" H)).
For any 0 < s <t < T, we can write

L (0 (1) =T (R (-, 9))
=1 (0 (1) = T (R (1) + T ([A R s0)]) . (28)
By the induction assumption, the following representations hold:
L (h () =T (R ()

= Jou (KHSR () By, O) AW, -+ d W,

100H ([AY R (- 5:0)])

- [0 s]”/ (K}'}g’/) [Anl+1h ('7 S3 t)}) (91, B ,Gn/) dW91 ce dWQH/-

15



We are going to prove that the above integrands satisfy the hypotheses of Propo-
sition 2.2. Indeed, for any p € [2,00], the rules of the Malliavin derivative, the
hypercontractivity inequality and (21) yield the following.

H1§"’>’H (h(-,t)) = I (B(.)5))

< /[0 o (KGHER ) (B B) AW, Wy

DL.p

- ‘ /[o,s]n’ (KE,(:,) [An/Hh (s 53 t)D (01,....00)dWy, ---dW,

DL.p

< C(n',p) [HKEF;??h (1)

+HKHS (A (-, 5:t)]

L£2([0,1] LQ([O,S]”I)]
S C<n/7p7 T7 /\7 H) |:||h||H>\ A(n/)) |t - ’ + ||h||H>\ A(n/) |t - 8| :|
< C(n,7va7/\7H) ||h||H/\(A§n')) |t_ |HA/\'

(29)

Thus, the D'?—valued stochastic process Y) = {IE”/)’H (h(-,1)); t € [O,T]} has

(H A X)-Hoélder continuous sample paths, a.s. Notice that (H A X) + H > 5. By
applying Proposition 2.2, we can write

/ ’ t * ’
T HOH () 0 DH () = / (Kﬁ(tl)Iin e *))) (Orrs1)dWo,, .,
[ (KDL (- 50) Orr) W,
Owing to (19) applied to k() := Ién/)’H (h(-,0)) and the identity (28), the last term

can be decomposed into the sum of four terms denoted by N;, i = 1,...,4, and
defined as follows:

Ni= / Ie /+1 O +1)) Ky <t Or +1> dWy n/+17
t , "
N2 / (/0 |:I$‘:/1_7fl (h(; rn/+1>> - Ig’n/);f[ <h<; rn/+1)>i| KH(drn/+1, en/+1)> den’Jrl’
S n/ 41

t [t

N3 = /5 (/ Ienl+1 (A" +1h< O 41; Tn’+1)) Ky (drm 1, ‘9n’+1>> dW(’n'ﬂ’
s t ,

Ny = /0 </ Ig:,lf{ (A, 7w 11)) Ka(drp s, 9n’+1)]l{s#0}) W,

We now apply the induction assumption to write all these terms by means of (n'+1)—
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multiple integrals, obtaining

t
ORI NdWo - dWV
Nl - /s (/[079 /+1]n, (I(H,Hn/ﬁ_1 ( 7911 -H)) (91779n>d 01 d 9n/>

n

X KH (t, enurl) dWen/-H’
t t /
Ny = / (/9 (/[0 ]"’ (KE,(&/)Hmn/Hh ('7 Tn’-i—l)) (917 ceey en’) dW91 T dW9n/>
s Tn/ 41

n/ 41
X Kyt (drass, enlﬂ))den,H, (30)
¢ t , )
Vo= [ (e (R0 AR bssrns)]) O )
s 9n’+1 [079n/+l]
< AWy, --- den,)KH(drn/H, en,ﬂ))dwgn,ﬂ, (31)
s t ’
Ni= | </ (/[0 I (KH B Cornr) (O, Ou) W, - dWe"')
s Tl 41
X Kyt (drass, enlﬂ)ﬂ{sﬂ})dwgn,ﬂ. (32)

Finally, by the stochastic Fubini theorem applied to (30), (32) and (31), we obtain
Ign/+1)7H (h) . Ign’—f—l),H (h)
LB 0u0)) (Br, o Ow) K (8,0 41)

141

*,(n’
- o ST,
(0,0, 1]" x]s.t]

X dW91 s den/dWQH,_‘_l

t ’
K*,(n) h Tt 9’,__’9,”/
+/[0,t]"/x]s,t[ </V?j19¢( H,0p 41,700 41 Su +1)>( ! )
X Kinldrvss,Orsr) ) AWa, -+ dWo,, AWy

n/+1

([ (a0, [0 b)) 0100

n/
[0?07L/+1] X]S7t[ n'+1

X Kin(dras,Oursr) ) AWa, -+ dWo, W,

+ (/t (K}I}(n/) h(-;rn/+1>> (017"'7971/)
[O’t]n/X]O,s[ V;iﬂiVs Tl 41

X KH(dTn/_H, 9n1+1)]1{5¢0}) dW91 s den, den,+1.

+

That is,
Ign/Jrl),H (h) — Ign’+1)7H (h) = /[0 o (KI?,(Z;H)@ (01, ..., Oprgr) AWy, - - - Wy, .,

(see (20)). This ends the proof of (26).

The upper bound estimate (27) follows from (26), the hypercontractivity inequality
and (21), while the conclusion on sample path regularity is a consequence of the
Kolmogorov’s criterion. U
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This is the analogue of Corollary 3.3 for H €]1, 1.

Corollary 3.6 Let H €]1, L[, X €]0,1] be such that \+ H > 3 and 8 €]0,1[. Let h
be a measurable function defined on [0, T|"™ such that the mapping t — h(-,t) be-
longs to CP ([O, T};HA(A@)). Then, the integral process {Ig”)’H (h(-,1)), t € [O,T]}

given in Theorem 3.5 has y—Hdolder continuous sample paths, a.s., with v €]0, BAH]|.

Proof: Tt follows from the estimate (29), with A replaced now by 3, and Kolmogorov’s
criterion. U

4 Large deviation principle for Banach valued mul-
tiple integrals

In this section we fix an integer n > 1 and we consider the integral processes
{Ig")’H (h(-,1)),t € [O,T]} given in the Corollaries 3.3 and 3.6, respectively, for a

fixed deterministic function h. The fractional Brownian motion B is replaced
by B, ¢ €]0,00[. Since the integrand h is deterministic, we obtain a family
{sgIgn)’H (h(-,1)),t € [O,T]} indexed by ¢ €]0,00[. It can also be thought of as a
family of random variables taking values on the space C7([0,77]), for some value of
v €]0, 1] made explicit in the above mentioned corollaries. Throughout this section
we shall denote by iIén)’H’a, € > O} this object. Our purpose is to establish a large
deviation principle for the corresponding family of probability laws. For this, we
shall apply the results of [7].

The first step consists of describing the abstract Wiener space to be considered in
our problem. First, we should replace the space of Holder continuous functions by
a Polish space by a classical procedure (see for instance [3]). More precisely, fix
v €0, 1] and for every 0 < 6 < T set

|z(t) — (s)]
wg(0) = sup ——=+—.
(%) tsi<s [t —s]"
0<s,t<T
s#£t

Let C°(]0,T]) be the subspace of C7([0,T]) consisting of functions such that
lims_ g+ w(d) = 0. The space C*°([0,T]) is a closed subspace of C? ([0,T]), so
that endowed with the norm ||-||, it is a separable Banach space, whereas C7 ([0, 77)
1s not.

It is easy to check that C?([0,T]) c C?°([0,T]), for any 7' < 1.

Consider the set

t
Wi —{o 0.T) = R: o) = [ Knlt,0)p(0)d6.5 € (0, TN}, (33)

0
with Ky given in (2), endowed with the inner product (¢1, ¢2)ym = (&1, ¥2) 12077 -
This is the reproducing kernel Hilbert space of the fractional Brownian motion, as

it is proved in [6].
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Remark 4.1 For any H €]3,1[, we have
£*((0,7)) ¢ L7 ([0, 7)) c |[H"| < H". (34)

Indeed, the first inclusion is obvious, while the second one follows from the estimate
(9), and the last one is pointed out in [17]. This implies that H contains the set
of continuous functions defined on [0,T].

For H €]0,1[, X €]0,1[ such that \+ H > 3

5, as is pointed out in [14],
[0, 7)) c H™. (35)
As a consequence, HY contains the set of Lipschitz continuous functions.

Let Cy ([0,77]) be the set of continuous functions defined on [0,7’] vanishing at the

origin, ¢ : H# < Cy([0,7]) the canonical inclusion, and P# be the law of the
fractional Brownian motion on Cy ([0,7]). The triple (CO ([0, 7)), H", 4, PH) is an
abstract Wiener space (see [6] for the proof of these results). This result can be
strengthened, as is stated in the next Proposition.

Proposition 4.1 For any ¢ < H, the set HY is included in C$°([0,T]). Moreover,
denoting by i : H — C%°([0,T]) the canonical embedding, the quadruple

(co((o, 1), 1", i, P,
15 an abstract Wiener space.

Proof: Indeed, let ¢ € H¥ and 0 < s <t < T. Schwarz’s inequality yields

olt) = o) = | [ (Kut,) = Kanls, 1) ()
< llen 1K) = Ko (s, Moy < el Cle = s/

Consequently,
llles oy < Cllpllwn
This proves that the mapping ¢ is a continuous embedding.
Fix € C%°([0,7T]) and consider the approximating sequence, {x("),n eN }, con-
sisting of linear interpolations on the dyadic numbers. That is,

2n—1
n n 2” n n n
20 = 3 o) + o (8= ) (a(t) - x(tj))}]l ) | (36)
5.
where t = ]2%, j=0,...,2" Clearly, each 2" is a Lipschitz function, consequently
{x("),n € N} C HY (see Remark 4.1).
It is an easy exercise to check that this sequence converges to z in the norm || - [|.

Therefore, i (HH) is dense in C¢9([0, T7).

Finally, since the trajectories of the fractional Brownian motion are a.s. in C*°([0,77),
for any ¢ €]0, H|, we have (P*)* (CC’O([O, T])) = 1, where (P#)* denotes the exterior
measure. This leads to the conclusion (see Theorem 2.4 of [2]). O
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Remark 4.2 An alternate approximation sequence by Lipschitz functions for x €
CS0([0,TY]) in the norm || - ||¢, is provided by

no [t
=3 [ [t

with x(t) = x(T) fort > T (see [13], page 276).

In the sequel, we consider as reference probability space the triple (C%O([O, T)), B, P ) ,
where B is the Borel o-field of C*°([0,7T]). In particular, the random variables
{IEZ")’H’E £ > 0} and I;Ln)’H = I;l")’H’l are supposed to be defined in this probability
space. Under the hypotheses of Corollaries 3.3 and 3.6, depending whether H E] .l
or H €1, 3], they are C”O([O T))-valued random variables with v €]0, ], Where
Bo=0BN(H—1/q) 1fH €l:,1[, ¢H > 1,and fy = BAH, if H €]3, 5[, respectively.

We also denote by Ih (BH + ), for p € H the multiple integral with respect
to B + ¢ instead of BY.

The main theorem of [7] (see page 4) applied to the abstract Wiener space given
in Proposition 4.1, the separable Banach space B = C°([0,T]) and the random

variable I;L")’H in the C7°([0, T'])-valued Wiener chaos of degree n, implies the large
deviation principle for the family of laws of {Ig”)’H’a, £ > 0} given here.

Theorem 4.2 Fach one of the two sets of assumptions
(i) H €]5,1], ¢H > 1, 3 €]0,1[, h is a measurable function defined on [0, T]"+!
such that the mapping t — h(-,t) belongs to C” ([O,T]; L‘I(A‘T"))),

(i) H €]1,5[, A €]0,1[ is such that N+ H > 1, f €]0,1[, h is a measurable
function defined on [0, T)"* such that the mapping t — h(-,t) belongs to

¢ (0,71 HA(AS)),
yields the following:
For any closed set I C C*°([0,T]),

lim sup ¢ log P# (IEL")’H’E € F) < -I(F).

e—0

For any open set G C C°([0,T)),
liminf & log P (L e F) > -1(@).

Here v €]0,8A (H — 1/q) [ under assumptions (i), v €]0, 8\ H[, under (ii), respec-
tively, and the rate functional Z is defined by

2
r(@) = 120t g c 000, 7))

if there exist p € H such that ® = E (I,(ln)’H(BH + go)), and Z(®) = oo, otherwise.
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The next discussion completes the description of the rate functional of the large
deviation principle.
The construction of multiple integrals with respect to the fractional Brownian mo-
tion and their properties proved in the preceding sections have an analogue when
the fractional Brownian motion is replaced by a deterministic function ¢ € H¥.
More precisely, set

I (h) = /A o (01, 0,)p(d0y) - o(dy), t € [0,T),

then we have the following.

1. Let H €]}, 1] and h € L#(AY). The function ¢ — I (h) is well defined
and satisfies 5
I ()| < Clln m
sup (14 0)] < Ol Il
2. Let H G]i, +[, A €]0,1] such that A\+ H >}, and h € HMAY). The function
t—J" H(h) is well defined and satisfies

sup |J (h)| < Clh (n) M.
let ()] < Cliklg pion N5

Similarly, one can state the analogues of Corollaries 3.3 and 3.6 and prove the
existence of J;ln)’H, that is, the function ¢t — Jtn)’H(h(~, t)) of C7°([0, T]), for specific
values of .

For the proof of these facts, we first establish recursively -as for the stochastic
integrals- the representation

Jgn)’H(h) - /[0 tm (K?},(t”)h) (01, .-, 0n)(01) - - - (6 )by - - - dby,.

Then, we apply Cauchy-Schwarz inequality and finally, (12) and (21) (with s:=0),
respectively.

The stochastic integral I (B + ) satisfies E (Ig)’H(BH - gp)) = I Apply-
ing this fact recursively yields

n),H n),H
E (LB +¢)) = 337
Hence, we recover the usual description of the rate functional in terms of the skeleton
of the Gaussian functional.
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