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Abstract

The study of the Gentzen system Gew determined by the well known sequent
calculus FLew [Ono98, Ono03c| is interesting for the study of the substructural as-
pects of t-norm based logics [H4j98, EG01]. In [BGV05] we studied the (V,*,—,0,1)
and the (V, A, %, ,0, 1)-fragments of this Gentzen system and the same fragments of
the logic of residuated lattices ITPC™\c. In this paper we continue the study of the
implication-less fragments of IPC*\c¢ and of Gew. We obtain the algebraization of
the (V,*,0,1) ,and the (V, A, %, 0, 1)-fragment of Gew. We obtain also that (V,x,0,1)
and the (V, A, *, 0, 1)-fragments of the logic of residuated lattices, I PC*\¢, are exactly
the (V, A, 0, 1)-fragment of classical logic. As a corollary of this fact we have that the
(V,*,0,1) and the (V, A, %, 0, 1)-fragments of every t-norm based logic are exactly the
same fragments of classical logic.

Keywords: Substructural logics, t-norm based logics, residuated lattices, semilat-
ticed monoids, Gentzen systems.

Introduction

Esteva and Godo defined [EGO01] the logic MTL (Monoidal T-norm based Logic), a gen-
eralization of BL, the Basic Fuzzy Logic defined by Hdjek [H4j98] and which is the logic



of continuous t-norms and their residua [CEGO00]. It was proved in [JeMo02] that MTL is
the logic of left-continuous t-norms and their residua, that is, the logic of the class of the
(commutative integral bounded) residuated lattices defined in the real unit interval [0, 1].
The word ‘Monoidal’ in the name of this logic comes from the fact that MT L can be seen
as an axiomatic extension of the so-called Monoidal Logic considered by Héhle in [H6h95],
where a completeness theorem with respect to the class of all residuated lattices is proved.
Monoidal Logic is definitionally equivalent to other systems considered in the literature:
Hpcok [OKS85] (corresponding to what Ono now calls FLew-logic), ITPC*\c [AV00] (intu-
itionistic logic without contraction), etc. Beyond the connection of Monoidal Logic with
residuated lattices by means a completeness theorem, we can also say that Monoidal Logic
is the logic of residuated lattices in a stronger sense: it was proved in [AV00] that this logic
is algebraizable in the sense of [BP89] and the variety of residuated lattices is its equivalent
algebraic semantics. In [Go01] (see also [GGCBO03]) it was shown that MTL can be obtained
as the extension of the Monoidal Logic with the prelinearity axiom (¢ — ¥)V (¢ — ).
Thus, the study of the logic of residuated lattices is important in the context of the studies
of the t-norm based fuzzy logics [H4j98] because it is a subsystem of the logic of left-
continuous t-norms MTL and so it is a subsystem of every t-norm based logic (for a survey
of residuated t-norm based fuzzy logics see [EGGO03] ).

It was shown in [AV00] that the Monoidal Logic I PC*\c is associated in a natural and
strong sense to the Gentzen system (which we denote here by Gey ) obtained from the well
known sequent calculus FLegyw [OKS85]: ey is equivalent to its external deductive system?!,
which is exactly the system IPC*\c. It was also proved in [Ad01] that the fragments of
Gew containing the implication connective are equivalent to the corresponding fragments
of IPC*\c, and also their equivalent algebraic semantics were obtained. The study of
the implication-less fragments? of Gew and of IPC*\c started in [BGV05]. The calculi
considered in [BGV05] are FLeyw[V, *, 7], obtained from FLey, by dropping the rules of in-
troduction for the connectives of additive conjunction and implication, and FLew [V, A, *, 7],
obtained from FLey, by dropping the rules of introduction for the connectives of implica-
tion. It was proved in [BGVO05] that the Gentzen systems associated to these calculi are
algebraizable and the varieties of (commutative integral bounded) pseudocomplemented
semilatticed and latticed monoids are their equivalent algebraic semantics, respectively.
Moreover, it was also proved that these Gentzen systems are the fragments of Gey in the
adequate languages. It is important to stress that, in contrast with what happens in the
cases with implication, these Gentzen systems are not equivalent to their external deduc-
tive systems. These external deductive systems are fragments of IPC*\¢, are decidable,
and the varieties of pseudocomplemented semilatticed and latticed monoids are algebraic
semantics (in the sense of [BP89]) respectively of these systems, with defining equation
p ~ 1. These deductive systems are strictly included in the corresponding fragments of
intuitionistic logic.

In this paper we continue the study of the implication-less fragments of Geyw and TPC*\c.
It was proved in [AV02] that the systems without implication, denoted in the present pa-
per by Gew[V, x| and Gew [V, A, %], are algebraizable and that the varieties of (commutative
integral bounded) semilatticed monoids and latticed monoids are their algebraic semantics
respectively. We prove (Corollary 4.6) that Gew[V, *] and Gew[V, A, ] are fragments of Gey
and (Corollary 4.10) that these fragments are decidable. We also prove (Corollary 4.11)
that the external systems of Gew[V, *] and Gew[V, A, %], that is, the systems Eew[V, *] and

1For the notion of equivalence used here and the notion of external deductive system associated to a
Gentzen system see Section 1.
2We stress that our notion of fragment considers the full consequence relation admitting hypotheses.



Eew[V, N, %], are fragments of [PC*\c. Finally, by using the property that in any subdi-
rectly irreducible residuated lattice, if z V y = 1 then either x = 1 or y = 1 we obtain
(Theorem 5.2) that the (V,*,0,1} and the (V, A, x,0, 1)-fragments of IPC*\c are exactly
the (V, A, 0, 1)-fragment of classical logic. As an immediate consequence of these results we
obtain (Corollary 5.3) that the (V,x*,0,1) and the (V, A, %, 0, 1)-fragments of every t-norm
based logic are the (A,V,0,1)-fragment of classical logic. Finally, we give an alternative
axiomatization of the (V,x,0,1)-fragment of classical logic by means a sequent calculus
without contraction (Corollary 5.4).

1 Basic concepts

The logical systems that we consider in this paper are Gentzen systems and deductive
systems, the latter being a particular case of the former. Most of the literature on Gentzen
systems, and on deductive systems, focuses only on their derivable sequents, i.e., on the
sequents derivable without any hypothesis. Our approach is completely different since we
analyze the full consequence relation admitting hypotheses in the proofs. The reader should
bear in mind this difference between our approach and the one commonly considered in the
literature. In this section we introduce and clarify, from this more general perspective, the
notions that we will need later. Let us recall the notions concerning Gentzen systems and
their algebraization that will appear in the following sections. The results in this section
are presented without proofs; the reader interested in the proofs can check [RV93, RV95,
GTV97].

Gentzen systems. By a propositional language we mean an algebraic signature. Given
a propositional language £ we will denote by Fm, the set of L-formulas and by Fm,
the algebra of L-formulas. Throughout the paper, we will follow the convention of using
boldface for algebras. We will use the lowercase letters ¢, 1, ... for L-formulas, and the
uppercase I'; A, ... for finite (maybe empty) sequences of L-formulas. Given m,n € w, an
L-sequent of type (m,n) is a pair ¢ = (I', A) of finite sequences of L-formulas such that
the length of " is m and the length of A is n. While ¢ will refer to a L-sequent, we will
use the metavariable ® for sets of L-sequents. We will write () for the empty sequence?,
o for {p), I' = A for the sequent (', A), and ¢q,...,0m-1 = Yo,...,¥n_1 instead of
(@0 -y Pm—1) = (Yo,...,¥n_1). Given a set 7T C w x w we will denote by Squ the set
of all L-sequents with type belonging to 7.

A Gentzen system is a triple G = (£, 7,F) where L is a propositional language, 7 is
a non-empty set of pairs of natural numbers, and | is a relation between subsets of Seqz
and elements of Seqz satisfying the following conditions.

1) If ¢ € &, then & .

)
2) If &+ ¢ and for every ¢’ € &, &' I ¢’ then &' .
3) f &+ ¢and & C P’ then ' .

)

4) If @ I ¢, then e[®] F e(s) for any substitution e (i.e., for any endomorphism of the
algebra Fm)*.

3The context will tell us if this symbol denotes the empty set or the empty sequence.
Here e(¢o,---,Pm—1 = %0,...,¥n—1) is obviously defined as the sequent e(po),...,e(Pm—-1) =
e(¥o); .., e(n-1).



The first three conditions say that F is a consequence relation or a closure operator on the
set Seqz, and the last one is called tnvariance under substitutions. The Gentzen system is
finitary if, moreover, it satisfies the following condition:

5) If @ I- ¢, then there is a finite subset @ of ® with &' <.

For the sake of simplicity, we will only consider finitary Gentzen systems. Thus, we will
refer to finitary Gentzen systems simply as Gentzen systems. A well known way to define a
Gentzen system is through derivations in a sequent calculus. As usual, we will write ®,¢ F ¢’
instead of ® U {c} F ¢’. The set 7 is called the type of G. The components of a Gentzen
system G will sometimes be written respectively as £(G), 7 (G) and kg since this avoids any
ambiguity. Two sequents ¢ and ¢’ are G-equivalent (notation: ¢ 4¢ ¢’ or simply ¢ 4 ¢’) if
it holds at the same time that ¢ g ¢’ and that ¢’ g ¢. A sequent ¢ is said G-derivable if
0 Fg S.

The definition of Gentzen system generalizes the notion of deductive system defined by
Blok and Pigozzi in [BP89]. It turns out that a deductive system S is no less than a Gentzen
system with type {0} x {1} where the formula ¢ is identified with the sequent § = ¢.

Fragments. Let G be a Gentzen system (L£,7,Fg), and let £ be a sublanguage of L.
The L'-fragment of G is the Gentzen system G' = (L', 7,lg/) defined by the fact that
for all ® U {s} C SeqZ,,

Droc iff Bhge.

In this case it is said that G is a conservative expansion of G'. We stress that this notion of
fragment considers the full consequence relation and not just the derivable sequents.

Algebraization of Gentzen systems. A class K of L-algebras is an algebraic semantics
for a Gentzen system G = (£,7,F) in the case that there is a translation 7 : Seqz —
Pin(Eqc) such that for all U {¢} C SeqZ,

dF¢ if  T[®] Bk ().

If moreover there is a kind of inverse translation then what we obtain is the notion of
algebraization. To be more precise, a Gentzen system G is said to be algebraizable with
equivalent algebraic semantics K if there is a translation 7 : Squ — Prin(Eqe) and a
translation p : Eqz — Ppin(Seqk) such that

1) for all ® U {s} C SeqZ, it holds that ® I ¢ iff 7[®] =k T(5),
2) for all ® U {c<} C Eq,, it holds that ® =k < iff p[®] F p(<),

3) for all ¢ € Fq., it holds that ¢ ==k 7p(<),
)

4) for all ¢ € SeqZ, it holds that ¢ HF p7(s).

If we replace Eq, with Seqz in the previous definition what we obtain is the more general
notion of equivalence between Gentzen systems. Notice that if K is a class of L-algebras
then the equational logic =k can be seen as a Gentzen system with language £ and type
{1} x {1} where we identify an equation ¢ = 1) € Eq, with the sequent ¢ = 1. Thus the
algebraization of a Gentzen system can be seen as a particular case of equivalence between
Gentzen systems. It is well known that the definition of equivalence is redundant because



the conjunction of 1) and 3) is equivalent to the conjunction of 2) and 4) [RV95, Proposition
2.1].

It holds that if K is an equivalent algebraic semantics for G, then so is the quasivariety
K@ generated by K [GTV97, Corollary 4.2]. It is also known that if K and K’ are equivalent
algebraic semantics for G, then K and K’ generates the same quasivariety [GTV97, Corollary
4.4]. This quasivariety is called the equivalent quasivariety semantics for G.

We notice that if S is a deductive system then the fact that it is algebraizable in the
sense of [BP89] with the set of equivalence formulas A(p, ¢) and the set of defining equations
O(p) coincides precisely with the fact of being algebraizable in the above sense under the
translations 7(p) := ©(p) and p(p =~ ¢) := A(p,q). Hence, the algebraization of Gentzen
systems generalizes the algebraization of deductive systems introduced in [BP89].

External deductive system associated with a Gentzen system. Let G be a Gentzen
system (L£,7,F). There are at least two methods in the literature used to associate a
deductive system with G. The common method is based on considering the derivable
sequents. Specifically, ¥ F7(g) ¢ holds when

there is a finite subset {@o, ..., pn_1} of ¥ such that O F ¢g, ..., pn_1 = ¢.

We notice that this approach yields a deductive system, called internal, only if the Gentzen
system satisfies some of the structural rules. Another method, which works for all Gentzen
systems such that (0,1) € 7 (even when structural rules are not satisfied), yields the
external deductive system®. The external deductive system associated with G is defined as
the deductive system £(G) such that ¥ kg gy o iff

{(0=¢:9p etk 0= p.

Since we have restricted ourselves to finitary Gentzen systems it is clear that £(G) is finitary.

2 The logical systems that we study

In this section we recall some logical systems considered in the literature concerning intu-
itionistic logic without contraction and we introduce the logical systems that we study in
this paper. First of all let us recall the definition of the well known sequent calculus FLeyw
given in the language (V, A, x, —,0, 1).

Definition 2.1. (Cf. [Ono98|, [Ono03c]) Let £ = (V,A,*,—,0,1) be a propositional lan-
guage of type (2,2,2,2,0,0). Let o,9,£ be L-formulas; I',II finite sequences (possibly
empty) of L-formulas. FLey, is the calculus of L-sequents of type w x {1} defined by the
following axioms and rules®:

Axioms:
» = ¢ (Axiom 1) 0= ¢ (Axiom 2) =1 (Axiom 3)

Structural rules:
I'=soe p, I =¢

Lo=¢

(Cut)

5We use the words ‘internal’ and ‘external’ following Avron (see [Avr88]).
6Strictly speaking each of these rules is a family of rules, and not only a rule.



Lo, =€ (e = I'=¢ (w =)
Fa¢a¢7H:>§ W’F:E
Rules of introduction of connectives:
p,['=¢ P, I =& | =4y
oVO T ¢ V=) roove OV toove V)
o, I'=¢ P, I =& I'=soe I'=qy
eriT=E M7 SagTroE ) Tsprg N
o, P, I'=§ =g =
o Toe ) ST )
= P, = ¢ o, I'= 1
Fpopise ) Tspop )

The Gentzen system associated with FLey will be denoted by Gew -

Remark 2.2. When we add the structural rule of contraction

0,0, ' = A

o, I'=A (¢=)

to the previous calculus what we obtain is FLewe [Ono98, Ono03c], which is a redundant
version of the Gentzen’s calculus LJ for the intuitionistic propositional logic since the
multiplicative conjunction * behaves as the additive conjunction A.

Theorem 2.3. (Cf. [Ono98, Theorem 6]) Cut elimination holds for FLewe and FLey .

Next we recall the definition of the deductive system IPC*\c. This system has been
studied in slightly different languages from the one that we take, since ITPC*\c is defi-
nitionally equivalent to Hpcrx [OKS85], to the monoidal logic [H6h95] and to the systems
introduced with the same name in [AV00] and [BGV05].

Definition 2.4. TPC*\c is the deductive system in the language £ = (V, A, %, —,0,1) of
type (2,2,2,2,0,0), defined by the Modus Ponens rule and the following axioms (using
implication as the least binding connective):

) (p—=) = ((v—= )= (v =) (B)
) (=W =)= W —(p—17) (C)
) = (=) (K)
) (=)= (W=7 = (pVY—17)

) = eV

) Y= eVY

) pAY =

) oAy =

) = —pAY)

0) (Y= Ay =)= (y— @A)

D o=@ —px)

A12) (p—= (W —7) = (px—7)

) 00—

) p—1



In [AV00] it was proved that Gew, called there Gy, j-\., and IPC*\c are equivalent as
Gentzen systems. Let us recall this result.

Theorem 2.5. (Cf. [AV00, Theorem 11]) Gew and IPC*\c are equivalent, with translations
7 and p defined as follows:
{500 - (901 - ( - (@'rn—l - 90)))}7 if m>1
T(g007 ey Pm—1 = SD> =
{e}, if m=0
plp) ==A{0 =}
That is, the following conditions are satisfied:

(1) For every XU {p} C Fmg, ¥ kpes\c @ iff {p(0):0€ X} FrL., p(p).
(2) For every' = ¢ € Seqzx{l}, I'= ¢ dtpn,, o7(F = ).
Next we will see that IPC*\c is the external deductive system associated t0 Gew-

Corollary 2.6. IPC*\c is the external deductive system of Gew. Then, Gew is equivalent
to its associated external deductive system.

Proof: We will denote by Eew the external deductive system associated t0 Gew. By (1) of
Theorem 2.5, the definition of the translation p and the definition of the external deductive
system we have

Ykipene e iff {p(o):0€ X} Fpr,, ple) iff

M=0c:0el}tpL,, 0=p T Zhke, o

Now we introduce the logical systems which are the aim of this paper.

Definition 2.7 (The calculi).

e FL.[V, %] is the sequent calculus in the language (V,#,0,1) obtained by deleting
from FLegy the rules of introduction of the additive conjunction and the implication,
i.e., we consider all their axioms, all their structural rules and their introduction rules
simply for the connectives V, .

e FL.[V, A, %] is the sequent calculus in the language (V, A, x,0,1) obtained as before
except for the fact that we also consider the introduction rules for A.

e FLcwc[V, *] is the sequent calculus in the language (V, *,0, 1) obtained by adding to
FLcw|[V, %] the structural rule of contraction (see Remark 2.8).

Remark 2.8. It is easy to see that the following rules are derived from the calculus
FLeowc[V, *:
o, I'=¢ P, I'=¢ I'=o I'=qy

prxp, I =&  pxy,I'=¢ L= @xi

Thus, in presence of contraction, the multiplicative conjunction behaves as the additive
one. Therefore, the Gentzen system determined by FLewc|[V, #] is equal to the Gentzen
system determined by the calculus, say FLewc[V, A], in the language (V, A, 0,1) which has
the same axioms and structural rules as FLgwce and as logical rules the rules of introduction
for the additive connectives. Note that the only difference between the two calculi is in
notation, since in FLewe[V, *] we denote by the symbol * the additive conjunction.




Theorem 2.9. Cut elimination holds for FLew[V, %], FLew[V, A, *] and FLewc|[V, *].

Proof. 1t is an immediate consequence of Theorem 2.3. O

Definition 2.10 (The Gentzen systems and their external systems). The Gentzen
system determined by the calculi FLew[V, *], FLew[V, A, %] and FLewc|[V, *] are denoted
by Gew[V, *], and Gew [V, A, x|, and Gewc|V, *], respectively. The external deductive systems
associated will be denoted Eew[V, *], and Eew [V, A, #], and Eewe|V, *], respectively.

Definition 2.11 (The fragments). Let ¥ be one of the languages (V, *,0, 1), (V, A, *,0,1)
or (V,A,0,1). And let S any deductive system or, in general, any Gentzen system. The
U-fragment of S will be denoted by U-S.

In Section 4 we will prove the following facts:

e The Gentzen systems Gew[V,*] and Gew[V, A, #| are fragments of G, that is, are
equal to (V,*,0,1)-Gew and (V, A, *, 0, 1)-Gew, respectively.

e The deductive systems Eew[V, *] and Eew[V, A, ] are fragments of IPC*\¢, that is,
are equal to (V,x,0,1)-TPC*\c and (V, A, *,0,1)-T PC*\¢, respectively.

Moreover, in Section 5 we show that the fragments of IPC*\c in the languages (V, x, 0, 1),
(V,A\,%,0,1) and (V,A,0,1) are essentially the same logic that the (V, A, 0, 1)-fragment of
the classical propositional logic.

Remark 2.12. Again we stress that our notion of fragment also considers the proofs
admitting hypotheses, and not just the proofs without hypotheses. For instance, for the
case of Gew|[V, *] this means that

O bpr. vy s i PFpL,, < (1)

for every set ® U {¢} of sequents in the language (V,*,0,1). Indeed, from the following
theorem it trivially follows that (1) holds for the previous two Gentzen systems when & = .

Theorem 2.13. Cut elimination holds for FLew[V, %] and FLew[V, A, #].

Proof. 1t is an immediate consequence of Theorem 2.3. O

3 The associated algebraic counterpart

In this section we introduce the algebraic structures needed to study the logics developed
in the paper, and prove several facts about them. First of all we recall the definition of the
class of residuated lattices.”

The class RL of residuated lattices is the class of algebras A = (A, V,A,x,—,0,1) of
type (2,2,2,2,0,0) satisfying the following conditions:

1) (A,V,A,0,1) is a bounded lattice with associated order <,

7We stress that in the more recent literature, e.g. [JT02, Ono03a, Ono03c], these algebras are sometimes
called commutative integral bounded residuated lattices to distinguish them from the non-commutative and
non-integral case.



2) (A, #,1) is a commutative monoid with the unit 1,

3) zxz<y < z<x—y (the law of residuation),

The law of residuation implies the following distributivity of % over V:

ax\/bi=\/(axb). (2)

i€l iel

This law must be read as saying that if {a, b;}ic; € A and \/,; b; exists, then \/,_;(a * b;)
also exists and the previous equality holds. It is known that RIL can be axiomatized using

only equations, that is, RL is a variety. For more information about residuated lattices see
[KO00, KOO01, BvA02, Ono03a, Ono03b].

Definition 3.1. (Cf [Ono03a]) An algebra A = (A,V,*,0,1) of type (2,2,0,0) is a semi-
latticed monoid (sf-monoid) if it satisfies:

1) (A,V,0,1) is a bounded semilattice,
2) (A, x,1) is a commutative monoid with unit 1,
The class of semilatticed monoids is denoted by M*‘. An algebra A = (A,V, A, *,0,1) of

type (2,2,2,0,0) such that the reduct is a semilatticed monoid and (A, V,A) is a lattice is
called a latticed monoid (£-monoid). The class of latticed monoids is denoted by M.

A more accurate name for these algebras would include the words commutative integral
bounded at the beginning, but for the sake of simplicity in the typography we adopt the
nomenclature given in the definition. Obviously, these classes are varieties and in them it
holds that i) * is monotone in both arguments, i) x xy < x and z *xy < y, and iii) z % 0 ~ 0.

Proposition 3.2. Let A € M. The following conditions are equivalent:
i) AFzxax~z
it) For every a,b€ A, axb= Inf{a,b}
i) AFz<y&sSrxy~uwx.

Proof: Let a,b,c € A.

i) = 4i): As A is integral we have that a * b is a lower bound of {a,b}. Let ¢ be a lower
bound of {a,b}. Then, by monotonicity, ¢ * ¢ < a*b. So, by ii), we have ¢ < a * b.

1) = i%i) and 4i4) = 1) are trivial. O

Proposition 3.3. The variety of bounded distributive lattices is the subvariety of semilat-
ticed monoids defined by the equation T * x ~ x, i.e.,

{A: A= (A4,V,%0,1) bounded distributive lattice} =
={A: A =(AV,x%0,1) semilatticed monoid and A =z * x = z}.

Proof: Tt is a consequence of i) = i) of Proposition 3.2. O



Remark 3.4. From the above statement we can consider the (commutative, integral,
bounded) semilatticed and latticed monoids as generalizations of bounded distributive lat-
tices. Roughly speaking, as we will see next, the behaviour of semilatticed monoids with
respect to residuated lattices is the same one as the behaviour of bounded distributive
lattices with respect to Heyting algebras. For instance, Theorem 3.11 generalizes the well-
known fact that every bounded distributive lattice is the subreduct of a Heyting algebra,
which is a particular case of Theorem 3.11 using the fact that the embedding preserves all
the existing meets.

Since the fact that every residuated lattice satisfies the distributivity of the monoidal
operation with respect to the operation V, we have that the reducts of every residuated
lattice in the adequate languages are, respectively, in M*¢ and in M‘. But are all the M*‘-
algebras and M¢algebras the reduct of a residuated lattice? In what follows we will see
that this is true for finite M*‘-algebras and M¢-algebras and also for the algebras of this
varieties satisfying the infinite distributivity (2). Nevertheless we will show that for the
general case the answer is negative.

Definition 3.5. We will say that a M*‘-algebra is complete if it is a complete semilattice
as an ordered set, and that a M¢-algebra is complete if it is a complete lattice as an ordered
set.

Proposition 3.6. Every complete M*-algebra is the (V,*,0,1)-reduct of a complete M-
algebra.

Proof: Let A be a complete M*‘-algebra. Since A has a minimum element, then we have
that the ordered set (A, <) associated to the complete semilattice is a complete lattice such
that, for every subset X C A, it holds that AX =V X, ie, max X~ =\ X“. So, A
is the (V, *,0, 1)-reduct of the complete M¢-algebra of universe A in such a way that the
operation A is defined by a Ab=: \/{z € A: x < a and z < b} and the monoidal operation
is the one of A. a

Proposition 3.7. Let A be a complete M‘-algebra. The following conditions are equivalent:
1) A satisfies the above infinitary law (2) of distributivity of * over V,
2) There is a (unique) operation — defined on A satisfying the law of residuation.

Proof:  One direction is proved taking the definition a — b = \/{c € A : axc < b} for every
a,b € A. The other direction is a straightforward check. We stress that this proof is based
on very few hypotheses on A; indeed the associativity of * is not needed. a

Proposition 3.8. A complete M*-algebra is the (\V, A, *,—,0,1)-reduct of a residuated lat-
tice if, and only if, it satisfies the infinitary distributive law (2).

Proof: Let A be a complete M‘-algebra. If A is the reduct of a residuated lattice A’, then
A satisfies (2) since A’ satisfies (2). Conversely, if A satisfies (2) then the algebra (A, —),
where — is the operation given by Proposition 3.7, is easily checked to be a residuated
lattice. O

Corollary 3.9. Every finite member of M** or M is the reduct of a residuated lattice.

Proof: All the algebras that the statement dealt with are complete and satisfy (2). This
last part is proved by induction from Definition 3.1(3). Therefore, as a consequence of
Propositions 3.6 and 3.8 we finish the proof. a
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Proposition 3.10. There are complete M*-algebras which are not the reduct of any resid-
uated lattice.®

Proof: 'We consider the residuated lattice A = (A, V, A, %, —,0,1) where A = {0,1}U{z €
R : % <z < %}, the lattice operations corresponds to the standard order over the real
numbers and the other operations are defined by the following tables (where a, b, ¢ € [%, %]R

and a < ¢):

HQQOL
[N eNeNH o]
S B
e

Q kw = =R

We now we consider the algebra B = (B,V,A,*,0,1) where B = A\ {%} and the
operations are the restrictions of the ones defined over A. It is clear that B is a complete
algebra and it is easy to check that it is a M‘-algebra. However, there is no possibility to
define a residuation — over B in such a way that its expansion becomes a residuated lattice.
This is an immediate consequence of the fact that the generalized distributivity does not
hold in B, e.g.,

Br1 3 1 _ 1_1 ; B 1. 13 _\/Byiy _ 1

(\/ [171)R> x5 =1x5=g5while /" {zx5:2ec[, 1)} =V {5} =3 O

Thus we have already seen that there are M*‘-algebras and MF‘-algebras that are not
the reduct of any residuated lattice. But, are they the subreduct of a certain residuated
lattice? That is, are they, up to isomorphisms, equal to the class of the subalgebras of the
reducts in the adequate languages of a residuated lattice? As a consequence of a result
obtained by Ono (see [Ono03a] and references therein), we have that M** and M’ are the
classes of (V,x,0, 1)-subreducts and (V, A, *,0, 1)-subreducts of the class RL, respectively.
Indeed, Ono shows (Cf. [Ono03a, Theorem 7]) that every M*‘-algebra can be embedded
in a complete residuated lattice in such a form that the embedding preserves all existing
meets. So we have the following result.

Theorem 3.11. M** and M’ are the classes of (V,*,0,1)-subreducts and (V, A, *,0,1)-
subreducts of the class of residuated lattices, respectively.

This last result will be used in Section 4 to show that Gew[V, *] and Gew[V, A, ¥] are the
(V, *,0,1)-fragment and the (V, A, *,0, 1)-fragment of Gey, respectively.

Let us recall that in [AV02, Theorem 7] it is shown that the variety M’ is not the
equivalent algebraic semantics for any deductive system. It is easy to see that the same proof
of [AV02] runs to show that neither the variety M** is the equivalent algebraic semantics
for any deductive system. We summarize these results in the next proposition.

Proposition 3.12. The varieties M*¢ and M’ are not the equivalent algebraic semantics
for any deductive system.

Finally we will see that M*¢ and M’ have the finite embeddability property (FEP). This
is an easy consequence from the fact that residuated lattices have the FEP (see [BvA02,
Theorem 5.9]).

Let us recall that given an algebra A = (A, (fA : i € I)) of any type, and any non-empty
subset B C A, the partial subalgebra B of A is the structure’

8The example used here is taken from [BGV05].
9Note that it is not an algebra since the operations may not be defined around all the universe. These
structures have been sometimes called partial algebras.
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(B, (fB :ieI)), where for every k-ary functional f;, and by,...,by € B,

B by) = A0y b)), if fA(bL. .. b) € B,
¢ T Tk undefined, if fA(by...,bs) ¢ B.

A class K of algebras has the finite embeddability property, the FEP for short, if every
finite partial subalgebra of each member of K can be embedded in a finite member of K.

Theorem 3.13. M and M¢ have the finite embeddability property. Therefore, its quasi-
equational (and universal) theory is decidable.

Proof: It is enough to prove the first part. Let A be any algebra in M*¢ and let B be a
finite partial subalgebra of A. By Theorem 3.11, A is embeddable in a residuated lattice
A’. Let i be such an embedding. Now we have that i[B] is a finite partial subalgebra of A’
and thus, since RIL has the FEP, it can be embedded in a finite residuated lattice D. Let
h be this embedding and let D’ be the (V, ,0, 1)-reduct of D. D’ is a finite M*‘-algebra
and the map h o i is an embedding from B into D’. A similar argument runs for M. O

4 Connecting the logical systems and the algebras

This section studies the connections between the Gentzen systems Gew [V, *] and Gew [V, A, #],
their external deductive systems Eew [V, *] and Eew[V, A, #] and the varieties algebras M*¢
and M. Let us start by recalling two results concerning Gew, I PC*\c and the variety RIL.

Theorem 4.1. (Cf. [AV00, Theorem 21]) RL is the equivalent algebraic semantics of
IPC*\¢, with translations T and p defined as follows: 7(p) = {p = 1} and p(p =~ q) =

{p—aq.q—p}

Theorem 4.2. [AV00, Theorem 22] RL is the equivalent algebraic semantics of Gew, with
translations T and p defined as follows:

{feo—= (1= (.. = (Pm-1—9)..)) =1}, ifm=>1
T(@O)"w@’m—l :><p) =

plo =) :={p=19, Y= ¢}

Remark 4.3. Since residuated lattices satisfy that

o (oxxy*x...xxp) myxzyg— (v1— (.. = (Tn —y)...)),

e xVyry iff <y ff z—-y=1,
it holds that we can replace the translation 7 in Theorem 4.2 in the case m > 0 with
(0, pm—1 = ©) = {(po * ... % Pm-1) Vo & o},
Notice that this new translation only uses the connectives %, V, 1.

The algebraization of Gew[V, A, *] was proved in [AV02] 1°. Let us recall that result.

10n [AV02] the Gentzen system Gew[V, A, ¥| and the class M? are denoted by Ga,v,« and BCILM, respec-
tively.
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Theorem 4.4. (Cf. [AV02, Theorem 5]) The Gentzen system Gew|[V, A, %] is algebraizable,
with equivalent algebraic semantics the variety MY, with translations T and p defined as
follows:

{(po* .. *Pm_1) N R Qo *...%Pm_1}, sim>1
(@0, -y Pm—1 = @) =
{1 =~ o}, sim=20

plo~)={p=1v; v = ¢}.

As M is a variety of lattices, it satisfies that the identity x A y ~ z is equivalent to
2V y = y. Thus we can change the translation 7 (for the case m > 0) in the following way:

T(©0, s Pm—1 = ©) = {(Po * ... ¥ m_1) Vo =~ p}.

So in this way we obtain a translation from (V,*, 0, 1)-sequents to (V, x, 0, 1)-equations.
In [AV02] The system Gew|V, *] is not considered in [AV02], but the proof of [AV02, The-
orem 11] also shows that Gew[V, %] is algebraizable with equivalent algebraic semantics the
variety M*¢. We summarize these comments in the following theorem.

Theorem 4.5. The Gentzen systems Gew|[V,*] and Gew[V, A, %] are algebraizable, with
equivalent algebraic semantics the varieties M*¢ and MY, respectively, with translations T
and p defined as follows:

{{po* ... * Pm_1)V o=@}, ifm>1
T(@Ov--w@m—l :>S0) =
{1~ ¢}, ifm=0

plo =) ={p=1v; Y= p}.

Tt is easy to check that if we add the contraction rule to the system Gew[V, ], then the
new system Gewe[V, #] is algebraizable and the variety of bounded distributive lattices is its
equivalent algebraic semantics (Cf. [RV93, Theorem 4.9]).

Now we will see that the Gentzen systems Gew [V, *] and Gew[V, A, #] are fragments of
the Gentzen system Geyw -

Corollary 4.6. Gew[V, %] is the (V,*,0, 1)-fragment of Gew, and Gew[V, A, *] is the (V, A, %,0,1)-
fragment of Gew. That is,

gew[\/a*] = <\/a*5071>'gew and gew[\/7/\7*] = <\/7*7071>_gew-

Proof: Since the two cases are analogous we simply prove the first one. We have to prove

that for every ® U {¢} C Seq?vxft}w,

‘I) }_FLew S lff (I) FFLew[v,*] G.

Let 7 be the translation of Gey in gy, stated in Theorem 4.2, and let 7/ be the translation of
Gow[V, %] in [=ppse stated in Theorem 4.5. Then we have the following chain of equivalences:

o l_FLew (q IH
T((I)) ':]R]L T(C) iff
T/((I)) ':]R]L 7'/(§) if
7(®) e 7' (s) iff
@ FFLy[v.5 S
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The second equivalence is obtained by Remark 4.3, and the third one by Theorem 3.11. O
The following corollary states that the Gentzen systems Gew[V, *] and Gew[V, A, *] are
properly substructural.

Corollary 4.7. The contraction rule is admissible neither in Gew [V, *] 107 in Gow [V, A, ¥].11

Proof: 'We prove the theorem for Gew [V, #| (the other case in analogous). It is obvious that
0 bgowv.s o0 = pxp. We will see that 0 t/g_ v« p = p*p with the help of Theorem 4.5.

Let A = ({0,2,1},V,%,0,1) the (V,*,0,1)-reduct of the MV-algebra of three elements.

59
This algebra obviously belongs to M*¢ but % % * % (because % * % =0). O

As a consequence of this corollary, we obtain the following result

Corollary 4.8. The Gentzen systems Gew[V, *] and Gew[V, A, *] are properly included in
gewc [\/7 *] That Z'S; gew[\/7 *] _,<,_ gewc[\/v *L and gew [\/7 A, *] §. gewc[\/7 *]

The following corollary states that, in contrast to the case of Ggr,_,, (which is equivalent
to IPC*\c), the Gentzen systems Gew[V,*] and Gew|[V, A, #| are not equivalent to any
deductive system.

Corollary 4.9. The Gentzen systems Gew[V, *] and Gew|[V, A, *| are not equivalent to any
deductive system.

Proof: By Theorem 4.5 and Proposition 3.12 a

Corollary 4.10. The Gentzen systems Gew[V, *] and Gew[V, A, *| are decidable, i.e., their
sets of entailments of the form {T'; = A; :i € I} T = A, with I finite, are decidable.

Proof: Tt is an immediate consequence of the algebraization and Theorem 3.13. a

The following two theorems state that the external systems of Gew[V, *] and Gew [V, A, #]
are exactly the corresponding fragments of IPC*\c.

Theorem 4.11. For all XU {¢} C Fmyy . 0,1y, it holds that

Yhipeney Mf Xhe v ¥

Proof: By using the fact that ITPC*\c is the external deductive system of Gew (Corol-
lary 2.6) and Corollary 4.6 we have that

Ykiponew iff {0=v¢:¢eX}rpr, 0=¢ iff (0= :¢ecX}bpL v 0= ¢
And this is precisely what is claimed in the statement. a
Theorem 4.12. For all XU {p} C Fmy a0,1), it holds that

Ybhrponee U Theglviax ¢

Proof: The proof is analogous to the previous one. O

The algebraization results (Theorem 4.5) allow us to prove completeness theorems for
Eew|V, *] and Eew [V, A, ¥] with respect to the varieties M*¢ and M respectively.

HA rule r is admissible in a Gentzen system G if for every (®,¢) € r and every substitution e, the
G-derivability of all sequents in {e(¢’) : ¢/ € ®} implies the G-derivability of the sequent e(s).

14



Theorem 4.13. The variety M*¢ is an algebraic semantics for Eew[V,*] with defining
equation p ~ 1. And the variety M’ is an algebraic semantics for Eew[V, A, *] with the same
defining equation.

Proof: 'We restrict ourselves to the first case (the second case is proved in [AV02, Theorem
10]). By Theorem 4.5 we know that for every ¥ U {¢} C Fmy 0,1,

=9 veStrpr v l=¢ iff {Ixy¢:9ecl} Fy: p=1.
By the definition of £ew[V, *] we conclude that for every ¥ U {¢} C Fmy . 0.1,

> Fgew[v7*] © iff {1 SEUBRVNS E} Fuse p~1.

And this is precisely what is claimed in the statement. O

5 Connection with the corresponding fragments of the
classical logic

In this section we will show that the (V,*,0,1), (V,A,x,0,1) and (V, A,0, 1)-fragments of
IPC*\c are exactly the (V,x,0,1), (V,A,x,0,1) and (V, A,0, 1)-fragments of classical logic.

We will use the following axiomatization of the (V, A)-fragment of classical logic.

Theorem 5.1. (Cf.[DP80, FV91]) The (V,A)-fragment of classical propositional logic is
axiomatized by the following rules:

(RD pVokep

pEeVY

eVYEY Ve

eV VY E(pVY) vy
eAYEop

eANYEY A

{o, v} oAy

VWAV E(pVY)A(p V)

(R2
(
(
(
(
E
( (V)N (VY FeV (Y Ay

R A

3
4
)
6
7
8
9

An easy adaptation of the proof of [DP80] allows us to conclude that the (V,A,0,1)-
fragment of the classical propositional logic can be axiomatized by adding the axiom

(A1) 1
and the rule
(R10) 0Ok ¢
to the previous axiomatization.
Let us denote by CPL* the classical propositional logic in the language (V, A, *, —,0, 1),
where the behaviour of * is exactly the same as A.

Theorem 5.2. Let U be any of the languages (V, *,0,1), (V, A, %,0,1) or (V,A,0,1). Then,
the W-fragment of IPC*\c is equal to the ¥-fragment of CPL*. That is,

U-IPC*\¢ = U-CPL".
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Proof: 1t is obvious that W-ITPC*\¢c < U-CPL*. To prove the theorem it is enough to
check that each of the rules (R1)-(R9) in Theorem 5.1 ((Al) and (R10) are immediate) are
derivable rules in each U-fragment of TPC*\c.

Let TU{p} C Fmyg. Let kg be the consequence relation of ¥-TPC*\c. By applying
the definition of ¥-fragment and Theorem 4.1 we have

kg o iff Thpeaece iff {y=1:7€l} FrLe~1.

We will use this semantical characterization of the U-fragments of I PC*\c to check the
derivability of the rules. In fact we will only check (R8) and (R9) (the other are obvious).

Let ® € {A,*}. To check that (R8) and (R9) are derivable we have to show that

V(W oy)~1gEg (pVY)O(pVy) ~ 1 (3)

For this purpose we will apply the well known fact that every variety is generated as a
quasivariety by its subdirectly irreducible members. So, a quasiequation holds in RL if,
and only if, it holds in every subdirectly irreducible residuated lattice. Thus, it will be
sufficient to prove that the double inference (3) holds in this subclass of residuated lattices.

Let A a subdirectly irreducible algebra of RIL. Let us recall that the subdirectly irre-
ducible algebras of RL have the following property (see [KOO1, Proposition 1.4)):

For alla,b€ A, ifavb=1, thena=1or b= 1. (4)

Now let a,b,¢ € A and suppose that a V (b ® ¢) = 1. So, by (4), we have that a = 1 or
boOc=1. Ifa=1,then (aVb)®(aVec)=101=1(since l1Al=1and 1x1=1). If
b®c=1then b=1and ¢ =1 and so, we also have (aVb)® (aVec)=101=1.
Conversely, suppose that (aVb) ® (aV¢) = 1. This is equivalent to having a Vb = 1 and
aVc=1. By (4),aVb=1 implies that a =1 or b=1 and a V ¢ = 1 implies that « = 1 or
c=1Tfa=1wehaveaV (b®c) =1. If a <1 we have b = ¢ = 1 and so we also obtain
aV(boec)=1.
a

Corollary 5.3. Let U be any of the languages (V,*,0,1), (V,A,x,0,1) or (V,A,0,1). The
U-fragment of every t-norm based fuzzy logic is equal to the V-fragment of classical logic.

Proof: It is an immediate consequence of the fact that t-norm based fuzzy logics are
axiomatic extensions of the monoidal logic IPC*\c (see for instance [EGGO3]). O

Notice that by Theorems 4.11 and 5.2 we have obtained the following
Eew|V,*] = (V,*,0,1)-IPC*\c = (V, *,0,1)- CPC*.

These equalities allows us to obtain an alternative axiomatization of the (V, *, 0, 1)-fragment
of classical logic by means a sequent calculus without contraction as we summarize in the
following result.

Corollary 5.4. The (V,A,0, 1)-fragment of classical logic is equal to the external deductive
system associated to the Gentzen system defined by the following axioms and rules:
Azioms:
o =¢ (Aziom 1) 0= ¢ (Aziom 2) 0=1 (Aziom 3)
Structural rules:
I'=sop p, I =&
Lor=¢

(Cut)
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| (e = =¢ (w =)
Fa¢a¢7H:>§ W’F:E
Rules of introduction of connectives:
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voTot VD) toove OV roovg BV
o0, I'=¢ ¢ II=4
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