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Different products

€

€

€

Full

¥ All terms are computed

Truncated in the partial or total degree of the variables

Special truncation to select terms satisfying a rule
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Avallable methods

€c

€

€

Naive method

¥ efbcient for low degree or for sparse polynomials

Karatsubafalgorithm

¥ efbcient for intermediate degree and dense polynomials
¥ reduce the number of multiplications

FFT method

¥ efbcient only for lage degree
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Naive multiplication

€

€

damam dbmam
= Y ax andBO = Y. b
= damm I= dbmzn

Perform the multiplication of all terms

damax! + dbmax I
C(x) = cxX with ¢ = ab
k: damm + dbmm i+ J = k

If A, BandC, haver, sandt terms
¥ rs multiplications ands-t additions

¥ complexity : O(rs)
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Multiplication ér univariate poynomials stoed as ector

Al gorithm 1: Compute the full product of univariate polynomials A and
B represented with a dense vector

Input : A: polynomial {da,,;,, da,,.:, array of coe! cients a }
Input : B: polynomial {db,,;,,db,,.., array of coe! cients b}
Output : C: polynomial {dcC,,;.,dCez, array of coe! cients C }

deagg I damaa: + dbmcwc

C ! create a polynomial with minimal degree dc,,;,, and maximal degree

dc.qx

for k! dc,;, to dc,,,, do

clk] ! alda,;,|" bk# da,,;.]
for j ! da,, +1 to da,,,, do
clk]! clk]+alj]" bk#j]
end

end

retur n C
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Multiplication ér recursie dense gctor 1/2

Function mulfulll A,B) Compute the full product of multi variate poly-
nomials A and B represented with a recursive dense vector

Input : A: multiv ariate polynomial {dan,, ,danax, array of coe! cients a}
Input : B: multiv ariate polynomial {db, ,dbnwax, array of coe! cients b}
Output : C: multiv ariate polynomial {dcqmin , dCnax, array of coe! cierts

C}

dein ! damin + dbmin

dCnax ! damax + dbmax

C ! create a polynomial with minimal dc,i, and maximal dc.,x degree
for k! dcnn to dcphax do

clk] ! mulfull (aldamin ], bk " damin ])

for | ! damn + 1to damax do

fmafull (a[j], gk " j], c[k])

end
retur n C
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Multiplication or recursie dense gctor 2/2

Procedure fmafulll A,B,C) Compute the full fused multi plication-
addition ¢ = (C+ A x B with A, B and C multiv ariate polynomials
represented as recursive densevedor

Input: A: multiv ariate polynomial { damin , damax, array of coe! cients a}
Input: B: multiv ariate polynomial {dbmin , dbmax, array of coe! cients b}
Input: C: multi variate polynomial { dcmin , demax , array of coe! cients c }
Output: C: multiv ariate polynomial

newdcmin < damin + dbmin

newdcmax < damax + dbmax

if newdemin < demin OF demax < newdcemax then
demin <—mMin(newdcmin , demin )
demax —Max(newdema x , A¢max )

re9ze C
end

for £k < dcmin to demax do

c[k] < mulfull  (a[damin ], b[k — damin 1)
for j «— damin + 1 to damax do

| fmafull  (aly], b[k — j], c[k])

end

end

if ¢ contains O at its beginning or at its end then
adjust dcmin
adjust dcma x

redze C
end
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Multiplication 6r univariate poynomials stoed as list

Function mulfulll A,B) Compute the full product of univariate polyno-
mials A and B represented with a list

Input: A: polynomial { list of ( coe! cients a , degree!,) }
Input: B: polynomial { list of ( coel cients b, degree!y) }
Output: C: polynomial { list of ( coe!l cients c, degree!.)}

C « create a empty polynomial

foreach element in A do
D « create a empty polynomial

foreach elenent in B do
| addto thetail of D anelement (ax b, !5+ )
end

C—C+D
end

return C
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Multiplication or recursie list

Procedure fmafull(A,B,C) Compute the full fused multi plication-
addition ¢ = C+ A! B with A, B and C' multivariate polynomials
represented as recursive list

Input: A: polynomial { list of ( coe! cients a , degree!,) }
Input: B: polynomial { list of ( coe! cients b, degree!y) }
Input: C: polynomial { list of ( coe! cients c , degree!.) }
Output: C: polynomial { list of ( coe! cients ¢, degree!.) }

iter " headof C

foreach element in A do

// avoid to scan to C when the loop on B is finished
iterb " iter

foreach element in B do

// find after iterb in C' if the degree !5+ ! is present

while current degree !¢ referenced by iterb < !5+ 1y do
| diterb"™ next element after iterb

end
if 1.=1,+ 1, then
fmafull (a, b, C)
if ¢ = 0 then remove the element referenca by iterb

else
| insert an element (mulfull (a, b), !5 + !p) just before iterd
end
if current element is the first element of B then
| ater " iterb
end
end

end
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Multiplication br 3at vector 1/2

exponents coefficients

variables
X, X, 1 2 m
1% term 65™ term 64*(m-1)+1 term
2" term 66" term 64*(m-1)+2 term
64™ term 128" term 64*m term

< 3

\ 12
v wvv

¢ How to sort terms ?

¥ search and shift operations too slow

¥ need an intermediate and adjustable storage : BURSH
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Multiplication br 3at vector 2/2

¢ Burst tries
¥ trie node = dense container

¥ leaf node = sparse container

345z + 72° + 11y + 9zy + 13zyx + 8z°x? 4 9x*4

Burst trie Coe! cients
0 4
8 3
5
4
L l 11
9
13
I-»0»0>1 1 »1 0 3
1 13 4 511 2 9
2 3 6 L
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Homogeneous block

d4_’-max d!)max
A— BH,(a) , B= BH, (b

! = damm l = dbmln

dn + d,,
mn

i il 7 dj - dy d. _ di+ dy -do+ d,
CLZ'X]_ X2 Xn” I ijl X2 Xy = aiijl X2 X

dfmax
C=Al! B= BH, (0

5: dem

with
dCnin = damin + dbmin

dCma x |: damax + dbnax

BHs(c)=  BH;i(a)! BH;(b
i+j=6
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Homogeneous block

Function fmafull(BHgs(a),BHgs (b),BHs: s (C))
Compute the full fused multipl ication-addition
BHs. s5:(C) = BHs+6:(C) + BHs(a) x BH s (b)

Input : BHs(a) : homogeneous blocks { degree!, a : array of r coe! . }

Input : BHg (b) : homogeneous blocks { degree!’, b: array of s coe! . }
Input : BHs+ 6 (C) : homog. blocks { degree! + !/, c: array of t coe! . }
Output : BHy: s:(c) : homog. blocks { degree! + !’ ¢ : array of t coe! .}

for i — 1to r do

for j «— 1to sdo
| — get location of the term in BH 4+ 5 (C)

BH s+ s (O[] < BHs+ 5 (0[] + BHs(a)[I] x BHs (b)[] ]
end
end
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Homogeneous block using functions

Function fmafull (BHs(a), BHs (b), BHs+ 5 (c))

Compute the full fused multipl ication-addition

BHs: 50(c) = BHsy 5(c) + BHs(a)! BHg (b) using functions to compute
location

Input : BHs(a) : homogeeous blocks { degree!, a : array of r coeff. }
Input : BHg (b) : homogeeous blocks { degree!’, b : array of s coeff.s }
Input : BHs. 5:(c) : homog. blocks { degree! + !/, ¢ : array of ¢ coeff. }
Output : BHs: s (c) : homog. blocks { degree! + !/, ¢ : array of ¢ coeff.}
for 4" 1to r do

expoa " get array of exponents from the location i in BHj

for 4" 1to sdo
expob" get array of exponents from the location j in BHj

expoc " expoa + exrpob
[ " getlocation of the term with exponens expoc iIn BHg; 4

BHs+ 50 (0)[l] " BHs+ s ()] + BHs(a)[z]! BHs (b)|j]
end
end
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Homogeneous block using édessing tables

¢ Construction of the addressing table for the product of blocks in 3
variables with exponent tables of degree 1 and 2.

Texp: + Texp, = Texps
O 0 3
O 1 2
0O 0 2 0O 2 1
O 1 1 O 3 O
8 2 (1) O 2 O 1 0 2
10 0 1 0 1 1 1 1
1 1 O 1 2 0
2 0 O 2 0 1
2 1 0
3 0 O
Taddrq -

=
N
w
ol
(@)
(00)

N
w
AN
o
~
©

¢ Taddrp, ="' Taddry,
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Execution time to build the tables of exponents

¢ build the tables of exponents for homogeneous blocks in 10 variables up to the de

0.4 i
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time (s)
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0.05

0 | | | | |
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number of terms (in Millions)
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Execution time to build the adressing tables

time (s)

“€c

10

product of two homogeneous blocks in 5 variables up to the total degree 40
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[
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Overhead to load the agdressing tablesdm disk

execution time overhead (%)
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Homogeneous blocks

BH(X,Y,2)

BH, BH  BH, BH, | BH,
v v v v v
3 5 0 0 0

11 9 0 0
0 0 0 0
0 0 0

0 0 0

0 13 0

0 0

0 0

0 0

0 8

0

0

0

0

9

P(x,y,z) = 3+ 52+ 72° + 11y + 9yz + 13xyz + 8x°z* + 9%x*
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Compacted homogeneous blocks

BHC(X,Y,2)

BHC BHC BHC 6 BHC, BHC

3. 51 9 2 136 810

11 2 9 15
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Homogeneous block using édessing tables

Function fmafull (BH,(a), BH,/(b), Taddr, ,,, BH:+:/(C))
Compute the full fused multipl ication-addition
BH,+/(c)= BH,+,/(c)+ BH,(a)! BH, (b using the addressing table

Input : BH, (a) : homogaeous blocks { degree!, a : array of r coel . }
Input : BH, (b) : homogaeous blocks { degree!’, b: array of s coe! . }
Input : BH,+/(c) : homog. blocks { degree! + !", c: array of t coe! . }
Input : Taddr, ,/ : addressing table of degree!,!"
Output : BH,+,-(c) : homog. blocks { degree! + !’, c: array of t

coe" clents }

for 1" 1to r do
for | " 1to sdo
| " Taddr!,!/[i,j]
BHy .+ (9[]" BH+/(9[lI]+ BH, (a)[i]! BH,/ (0)[j]
end
end
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Homogeneous block using édessing tables

Function fmafull (BH,(a), BH,/(b), Taddr, ,,, BH:+:/(C))
Compute the full fused multipl ication-addition
BH,+/(c)= BH,+,/(c)+ BH,(a)! BH, (b using the addressing table

Input : BH, (a) : homogaeous blocks { degree!, a : array of r coel . }
Input : BH, (b) : homogaeous blocks { degree!’, b: array of s coe! . }
Input : BH,+/(c) : homog. blocks { degree! + !", c: array of t coe! . }
Input : Taddr, ,/ : addressing table of degree!,!"
Output : BH,+,-(c) : homog. blocks { degree! + !’, c: array of t

coe" clents }

for 1" 1to r do
for | " 1to sdo
|1 Taddr, . [BHC, (a).index[i], BHC,:(b).index][j ]]
BHy .+ (9[]" BH+/(9[lI]+ BH, (a)[i]! BH,/ (0)[j]
end
end
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Homogeneous block using édessing tables

Function fmafull (BH,(a), BH,/(b), Taddr, ,,, BH:+:/(C))
Compute the full fused multipl ication-addition
BH,+/(c)= BH,+,/(c)+ BH,(a)! BH, (b using the addressing table

Input : BH, (a) : homogaeous blocks { degree!, a : array of r coel . }
Input : BH, (b) : homogaeous blocks { degree!’, b: array of s coe! . }
Input : BH,+/(c) : homog. blocks { degree! + !", c: array of t coe! . }
Input : Taddr, ,/ : addressing table of degree!,!"
Output : BH,+,-(c) : homog. blocks { degree! + !’, c: array of t

coe" clents }

for 1" 1to r do
for | " 1to sdo
| " Taddr!,!/[i,j]
BHy .+ (9[]" BH+/(9[lI]+ BH, (a)[i]! BH,/ (0)[j]
end
end
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Cache blocking technique

BH (2)

BH (2)
|
|
-
— >
2 >
T -
m
|
|
-
|
normal flow

BH. (b)

YYYY VYYVYY VYVYYVY

YYYY VYYVYY VYVYYVY

flow with cache blocking
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Cache blocking technique

Input

Input :

Input
Input

. BH, (a) : homogeeous blocks { degree!, a : array of » coeff. }
BH,.(b) : homogeaeous blocks { degree!’, b : array of s coeff. }
: Taddry y, . addressing table of degree! !’

: BH+,.(c) : homog. blocks { degree! + !/, ¢ : array of ¢ coeff. }

Input : chunksize : chunk size { arrays of two integers

Output : BH,+/(c) : homog. blocks { degree! + !/, ¢ : array of ¢ coeff.}
1 dteri! r/chunksize[l] /* number of chunks for the loop i */
2 iterj! s/chunksize[2] /* number of chunks for the loop j * /
3 for ci! Oto iteri" 1do
4 for ¢j! Oto iterj" 1do
5 for bi! 1to chunksize[l] do
6 for bj! 1to chunksize[2] do
7 1! i # iteri+ e
8 gV cg# aiterj+ by
9 [! Taddr!,! /[i,j]
10 BHi+/(U]! BHi+1/(9lll + BH (a)[i]# BH,/(b)[J]
11 end
12 end
13 end

/* if s not divisible by chunksize[2] */

14 for bi! 1to chunksize[l] do

15 for j ! iterj# chunksize[2] t0 s do

16 1!t # iteri+ bi

17 [! Taddr! | /[i,j]

18 BHy+/([l]Y BHy+(c)li] + BH:(a)[i] # BH,/(b)[;]
19 end

20 end

21 end

[* if r not divisible by chunksize[l]
*/
22 for ¢ « itert x chunksize[l] to r do
23 for j«— 1to sdo

24 | «— Taddry [, 7];

25 BH 1 (c)l] < BHy+1:(o)[l] +
BH: (a)[i] x BH (b)[/]

26 end

27 end

Function fmafull(BH, (a), BH,/(b), Taddr ', chunksize, BH+/(c))
Compute the full fused multipl ication-addition using the addressing table
and cadhe blocking technique
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Benchmark of the cache blocking technique

¢ Factor of the reduction of the execution time for the product of two
homogeneous blocks in 8 variables of degree 7

G5 processor Core2 duo processor

1000 — 1.1 1000 — 1.1

900 900
L1 1.05 -4 1.05

800 800

1 1

700 700
0.95 0.95

600 600
500 0.9 500 0.9

400 400
0.85 0.85

300 300
0.8 0.8

200 200
0.75 0.75

100 100

|
0 l l l l l l l l I 0.7 0 1 l 1 1 L 1 l l 1 0.7
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
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Benchmark of the cache blocking technique

¢ Factor of the reduction of the execution time of the product of two
homogeneous blocks in 8 variables of degree 9

double precision quadruple precision

1000 — 1.1 1000 — 1.1

900 900
- 1.05 -< 1.05

800 800

1 1

700 700
0.95 0.95

600 600
500 0.9 500 0.9

400 400
0.85 0.85

300 300
0.8 0.8

200 200
0.75 0.75

100 100
0 l 1 1 1 1 1 l l l 0.7 0 0.7

0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
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Benchmarks

s! (s+ 1) with s= (1+ x+y+z+t+ u)*

CAS representation time (S)
Ginac 1.3.2 tree 4137
Maple 10 DAG 2899.70
Singular 3.0.2 list 144.27
Maxima 5.9.2 recursive list 443.95
Math ematica 5.2 | tree 766.65
TRIP 0.99 recursive vedor 13.50
TRIP 0.99 recursive list 12.85
TRIP 0.99 3at vedor 28.10
TRIP 0.99 homogeneoudlocks (with initialization) 5.44

(after initial ization) 0.57
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Efect of the sparsity of the pghomials

time (s)

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

¢ s! s with s containing someterms of (1+ z1+ 22+ z3+ 24 + 25)°

[
recursive list
recursive vector
flat vector

homogeneous block
compacted homogeneous block

0 500

1000

1500 2000 2500 3000
number of terms
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full productVxV with diferent representations

¢ The serie/ has 3052 terms and the result has 227453 terms
V(LKLY YLK Y YY) = X APy B Y KTy T gl et )

di+ do+d3+ds+ds+dg+d7+dg =7

CAS representati on time (s)
Maple 10 DAG 345.08
Math ematica 5.2 | tree 149.63
TRIP 0.99 recursive veaor 2.91
TRIP 0.99 recursive list 2.32
TRIP 0.99 Rat vedor 1.97
TRIP 0.99 homogeneoudlocks (with initialization) | 2468.10

(after initial ization) | 2403.45
TRIP 0.99 compacted homogeneoudlocks (with initialization) 17.07

(after initial ization) 15.11
TRIP 0.99 d@lembert blocks (with init ialization) 22.55

(after initial ization) 8.55
TRIP 0.99 compacted d@lembert blocks (with init ialization) 11.01

(after initial ization) 1.25

Advanced School on Specidgebraic Manipulators, 2007, © M. GastineadA§SD/IMCCE/CNR!



full product ViV for different degees

time (s)

300

250

200

150

100

50

recursive I\/ector
recursive list
flat vector

BH

BHC

BHDAL

BHDALC

7 8 9 10

degree
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Karatsuba's atgithm

¢ ldea : one multiplication could be avoided for polynomial of degree
Let A and B polynomials

A(X)=ap+ an X and B(X) = bp + 01 X
The naive multiplication C'= AB is

C(X) = agbo + (aghi + az1bg) X + a1b1 X?
But the coe! cient of X! could be written as

agby + a1bo = (ao + a1)(bo + b1) ! agbo! aiby

we need to perform 3 multiplications and 4 additions
Instead of 4 multiplications and 1 addition.

€

could be applied recursively to polynomials of degreg 2

€c

complexityO(nt-59

€c
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Karatsuba's atgithm

Algorithm 11: Compute the full product of two polynomials A and B using the
KaratsubaOsnultipl ication algorithm

Input: A : polynomial of degree at mos n! 1 with n= 2% for k" N
Input: B : polynomial of degreeat mos n! 1
Output: C : polynomial

if n=1then return C# AB
Ci1# AO BO py arecursive call
Co # AWM BW) py a recursive call
Cs # A0) + A@)

04 # B(O) + B(l)

Cs # (3C4 by arecursive call
Ce# Cs! C1! (O

C# C1+ O@Xn/2+ Co X"
return C
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Truncated poduct

€

€

Univariate polynomials
(ag+ a1 X+ ...+ a, X"+ O(X™) (bo+ X+ ...+ b, X"+ O(X™))

(co+ 1 X+ ...+ ¢, X"+ O(X™))

Multivariate polynomials

¥ keep the term g X &1 X &2 X dn = pgxPxd xh

f di+dy+dy+d;+...+dy+d, ! T

¥ If truncation is performed only on some variables,
truncated variables must be ordered
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Truncated poduct on poyynomials stoed as ecursie list

Function fmatruncated( A,B,C, T) Compute the tru ncated fused multi plication-addition
C = C+ A! B with A, B and C multiv ariate polynomials represented asrecursive list

Input : A: polynomial { list of ( coefficients a , degree!,) }
Input : B: polynomial { list of ( coefficients b, degree!y) }
Input : C: polynomial { list of ( coefficients ¢, degree!)}
Input : T: degreeof the tru ncation

Output : C: polynomial { list of ( coefficients ¢, degree! )}

if variable of A is truncated then

-

2 iter " headof C
foreach element in A suchthat !y # T do

[* avoid to scan to C whenthe loop on B is finished */

iterb" iter

foreach element in B suchthat!, + 1y # T do

[* find after iterbin C if the degree !+ !y is present */

6 while current degree ! . referenced by iterb< !, + !y do
7 \ iterb" next element after iterb
8 end
9 if 1.=1,+ ! then
10 fmatruncated (a,b,c,T$ !+ 1}p)
11 if ¢c= 0then remove the element referencel by iterb
12 else
13 \ insert an element (multruncated (a,b,T$ !5+ !p), 14+ !p) just beforeiterb
14 end
15 if current element is the brst element of B then
16 | iter " iterb
17 end
18 end
19 end
20 else
21 | fmafull (A,B,C)
22 end
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Truncated poduct on homogeneous blocks

€

=€

Let A= BH(@ . B= BH®

Truncated product on the total degree

l T 1y
C=A B= BH,(0)with BH, ()= BHn(a)! BH,_,(b
I =0 n=0

¥ use the full product of 2 homogeneous blocks

¥ use less addressing tables than for the full product
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Truncated poduct - benchmarks

600

500

400

300

200

100
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Special truncated pduct in degee

“€c

"€

“€c

Perform the product of two Poisson series
but we only want to keep terms which have specibc values

for krand ke
e.g.,%1 x52 =5 | we want only terms such that C kard)

S=  aX{XP.. X expikit Tkt )

very easy for the recursive representation if the series are
correctly ordered.
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Special truncated pduct on magnitude

d;  d: d . .
g  aXIXP. X1 XX X" is kephif | ! 1o

¢ brut-force method

€

Al gorithm 1: Compute the truncated product of the seies A and B in the amplitud e of
ther coefficients |

Input : A: serie, a;x' ordered by decreasng amplitu de

Input : B: serie’ bx' ordered by decreasng amplitu de

Input : €p: thresold> 0

Output : C: seriesC = AB with all coefficients greater than ¢g

C ! create an empty polynomial
foreac h coefficient a; such that |ajlp| " €p do
foreach coefficient Iy such that || " eo/ |a| do
‘ Cl! C+ aﬁ;x‘*i
end
end
retur n C

¢ order the series on the magnitude of the coefbcient ?
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Special truncated pduct on magnitude

Let a variable ¢, and a small parameter ¢, such that ¢," = ¢; with p! N.
Each coe! cient a of the serie A(x) could be writt en as

L . log |a | a;
a = ai'x'ek with k = "L,'l# nda = —'k
log 5 |
! ! _
A!(E,X) = ( aj! XJ)Gk

The truncated product A(xz) ! B(x) on the amplitude of the coe! cient is transformed to a
tru ncated product A'(!,z)  B'(!,z) on the variable !.
The degree of tru ncation is p.
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Special truncated pduct in amplitude

sourcecode

sl=(1+0.05!x)683;

s2=(1+0.04! x) 64,

/! introduce the variable eps in sl and s2 !/
sle=sereps(sl,eps, 0.1);

s2e=sereps(s2,eps, 0.1);

/! define the truncature on amplitude to (0.1)62 !/
tr=({eps, 2});

usetronc(tr);

/! perform the product !/

s3e=sle! s2e;

/! remove the variable eps from s3e !/
s3=invsereps(s3e,eps,0.1);

Execution of the previous sourcecode by trip

sl(x) = 1 + 0.15*x + 0.0075*x**2 + 0.000125*x**3
s2(x) = 1 + 0.16*% + 0.0096*x**2 + 0.000256*x**3 + 2.56E-06*x**4
sle(x,eps) = 1 + 0.15% + 0.75***2*eps**2  + 0.125*x**3*eps**3
s2e(x,eps) = 1 + 0.16*x + 0.96*x**2*eps**2  + 0.256*x**3*eps**3 + 0.256*x**4*eps**5

tr =( { eps, 21} )

s3e(x,eps) =1 + 0.31*x + 0.024*x**2 + 1.71*x**2*eps**2 + 0.264*x**3*eps**2
s3(x) =1 + 0.31*x + 0.0411*x**2 + 0.00264*x**3

Advanced School on Specidgebraic Manipulators, 2007, © M. GastineadA§SD/IMCCE/CNR!



