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Convection-diffusion equation

—vAu+a-Vu+bu=/f inQ,
U= @, on 0f}

Q C IR" (n = 2,3) region in the plane or in the space
crossed by a fluid (river or lake)

a = a(x) Eulerian velocity of the moving particle which is
in x (stationary motion)

u = u(x) concentration of a liquid pollution which pours in
the water

The concentration u depends on

a) diffusion: —vAwu, v (small) diffusion parameter
b) convection: a - Vu

c) reaction: bu

Remark.
° M < 1 dominant diffusion
y . .
* G < 1 dominant convection

o Ifv — 0%, we have a singularly perturbed problem
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Model problem

Let us consider the model convection-diffusion problem

Lu:=—-vAu+a-Vu+bu=f in{,
u =0, on 0,
where
e () C IR" is a bounded Lipschitz domain
e ac (Whee(Q))»
e be L>®(Q), fe L*(N)
o —%V ca+b>ry a.e. in {2, for some constant v > 0
e v <1, [lafpe@ ~1, v ~1

We denote by
Dw:=a-Vuw

the streamline derivative of the function w in §2.
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Variational formulation

Let

A:H} Q) x H3(Q) — IR,

A(w,v) :=v(Vw, Vo) + (Dw,v) + (bw,v).
Then, the model problem is formulated variationally as

find u € H}(Q) such that

A(u,v) = (f,v) Yve Hi(Q).

This problem as a unique solution thanks to the Lax-
Milgram theorem applied to the Hilbert space V = H;(Q)
endowed with the energy norm

1/2
folly = (lel3aqq) + vIV01z))
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Theorem. (Lax-Milgram) Let V' be a Hilbert space with

norm || -||v and let A:V xV — IR be a bilinear form such
that

a) A is continuous, i.e., 3oy > 0 such that

[A(w, v)| < callwllv lvllv,  Yw,veV;

b) A is coercive, i.e., das > 0 such that

A(w,w)| = azlwl},  VweV.

Finally, let F' € V'. Then the problem
A(u,v) = F(v), YoeV
has a unique solution u € V' satisfying

lullv < ag [[Fllv.
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Lax-Milgram conditions
A(w,v) :=v(Vw,Vv) + (Dw,v) + (bw, v)

a) Continuity

lv(Vw, V)| < V||Vw||L2(Q) ||V’U||L2(Q)
(Dw,v)| < lallge@yn |Vl 2o 10l 20
< %ﬁnwumm 1ol 20
b, o) < Bl llwl 2 1oll2 o
S ||w||L2(Q) ||U||L2(Q)
thus

. ; ; 1/2

) ) 1/2
(el + Vo2 )

and

o X

1
Vv
b) Coercivity

A(w, w)

Vv

V||va%2(Q) + ’YHwH2L2(Q)

LV

[wilZ2 0y + VIIVWllF 20

thus
042X1
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Bad consequences on numerical discretization

Q bounded polygonal
domain, decomposed into
non-overlapping ‘elements’
E (triangles, tetrahedrons,
...) of diameter < h;

P (FE) space of polynomials
of degree < m on FE.

V=HHQ)  Vi={veV :uygePyE),VE}

Galerkin approximation:

find u,, € V), C V such that
A(uh,vh) = (f, Uh) \V/Uh - Vh

Error estimate:

1 .
|u —up|ly < —= inf |lu—vplv

\/; v, EVY

= Large error ||u — up||v unless inf,, cv, [[u —vp|lv < /v

= Spurious oscillations (unless h < /v in FEM)
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Numerical Example
—vAu+a-Vu=0 in)
U =g on ()
with

a=(1,2" v=10"°

Exact solution

w
/
A\

0.2
0 0.4
0.2 0.6

0.4
0.6 0.8
0.8 1 1

Galerkin solution
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SUPG Streamline Upwind Petrov Galerkin stabilization
(Hughes ’82)

find up, € Vj, C V such that

A(up,vp) + [Lup, Dvp]n = (f,vn) + [ f, Dvnln  Yon € Vi

where
o 01 = Y7 [ o0
E E
with
(
hi if Pey > 1,
o lal| Lo ()
E = 5 2
£ if Pey <1,
\

hella|| Lo )

vV

Stabilized solution
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Ultimate goal

Define an equivalent problem

find u € H}(Q) such that

A(u,v) = F(v) Yv e Hy(Q)

such that, for a suitable norm || - ||/, one has
Alw,w) > |lwlli;,  Yw € Hy()

A(w,w)] < llwlvivlv, — Yw,ve Hy(Q)

with the constants independent of v.

For a standard (so called Galerkin) approximation u;, € V4, this would

imply

Ju—wnlly = g [lu— vl

and

lu = unlly < {[f = Lunlly

Approach by stabilization
A(w,v) := A(w,v) + [Lw, Lv].

f(?}) = (f,’U) + [[f: LU]]*



Canuto, Barcelona, July 1-6, 2002

Stabilized variational problem

We denote by X'1/2(Q) the space H}(Q) equipped with the
norm

[oll vz 2= (101 + vIV0agq + [L]2)
We define the continuous bilinear form
A X12(Q) x XV2(Q) = R,
A(w,v) := A(w,v) + [Lw, Lv],
and the continuous linear form

F:X12(Q) = R,

F(U) = (fav) + [[fv LU]]*
The stabilized variational formulation of the model problem

IS:
find uw € X/2(Q) such that

A(u,v) = F(v), Yo € X1/2(Q).
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Anisotropic Model problem

We consider the model problem:

Lu:=—-vAu+a-Vu+bu=f in{,

u =0, on 0.
where now:
e 2 =(0,1)"

e a=(a0,...,0), with a € WhHe(Q)
In this particular case, we have

Dw=a Vw=a0,w.
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Anisotropic Sobolev spaces

Let I = (0,1) and let {X?°(])}s>0 be either

X5(1) := H5(I), or

X*(1) == H(I) =

( H5(I) if 0 <s<1/2,
Hop*(I) = [L2(1), Hy (D))o if s =1/2,

H(I) if 1/2 <s<3/2,

Hs(I)n HL(I) if s > 3/2.

\

We define spaces of functions in {2 having different regularity
in each coordinate direction.

We consider functions which are more regular along the first
coordinate direction:

XE0(Q) .= X35(I) @ L2(I™ ).

We have
XE0(Q) = L2(1"1, X5(I)):
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1/2
01l x 0010y = ( / ||U('>5U/)HXS(I)dx/> -

Furthermore, for s1,s9 >0, 0 <6 <1, we set

hence,

s=(1—0)s1 + 0ss;

then
Xo2(I) = [ X)), X*2(1)]o

implies
X(0(@) = [X10(@), X0y
Concerning the duals, we set
X731 = (X*(D))
and

X(—S,O) (Q) . (X(S’O)(Q))/;

thus, we have

XE90(Q) = X75(I) @ L2(I™ 7).
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Wavelets bases

Bases in 1D

Suppose we have biorthogonal wavelet bases

{wg\z%?;g\?})\zejx(z) in L2(I), 1 = ]., N2

We recall that any v € L?(I) can be written as

v= 3 RN

AiEA(i)

with
1/2

ol = | Y [wdP| .

)\iEA(i)
and any v* € (L*(I)) = L?*(I) is represented by

vt =Y ()

)\iEA(i)
with

o ey = | S0 1w p)
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Moreover, for ¢ = 1, we suppose that for 0 < s < s*,

veX(I) < Z 221Mls) (), ~§\11)>|2 < +00

)\16/\(1)
with
v=">" (u)y)
)\16/\(1)
and

1/2

S (1
lollxsey = | D 22w, o) 2]

)\161\(1)

on the other hand,

vEXTI) = vt = Y Gy

)\16/\(1)
with
—2|A ~ |2 ~ 1
Z 272! 1|S‘/U>\1| < +00, Uxy = (v* 7¢(1)>'
A eAd)
Moreover,

1/2

[0l x—sy = | D 272N Pon

>\1€A(1)
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Tensor product bases

We set
A=A, ) €A =AW x AP x oo A

and we define the tensor product anisotropic biorthogonal wavelet bases
in L*(Q) as

Pr =9 @@y, Pr =P @ @y,
Then, for each 0 < s < s™,

v e XUQ) = Y 2T (0, 94) () ” < Hoo

AEA
with
v = Z (v, ¢A)L2(Q)¢>\
AEA
and

1/2

2|\ |s n 2
10l o =< | D 271w, D) 2y
AEA

Similarly v* € X(=9(Q) if and only if
= Z DAY Z 2721515, 2 < 4-o0;
AEA AEA
moreover,

1/2

* —2|\|s1~ (2 ~ *
||U ||X(—S,0)(Q) = Z 2 A1l |’U)\| ) V)N — <’U 7¢>\>'

AEA
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Next, for any multi-index s = (s1,...,5,) > 0 we define
X2(Q) = X6r0(Q)n xOs2-0) (). 0 X @) ()

equipped with the norm

HUHXS(Q) — HUHX(S1 0)(9) -+ H/UHAQX(OaSn)(Q)'

Concerning the wavelet bases, one has

JolZragy = D (2211 o 92Pleny| ()2,
AEA

and

[0 (% —sgy = Y (221t e g 22l TH () 2,
AEA
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In particular, we have

[ol2ngy = D (S0 2w, ),

AEA

[ 1y = D (T 22 o, w2 (1)

AEA

and

||UHX(20)(Q) = ZZ|>\1||(U
AEA

[Eals = ) 27 M0 (2)

AEA

We will consider the right-hand side of (1) as the Hilbertian
norm associated with the inner product in H~1(Q)

Z (ZZ— 22|)\Z|) < *7¢>\><v*7¢>\>;

AEA

and the right- hand side of (2) as associated with the inner
product in X (~2: 0)(Q)

S 2w, ) 0", ).

AEA
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Anisotropic multilevel Péclet number

We set S = supp ¥\ U supp ?;A.

For each A € A, we define the anisotropic multilevel Péclet
number as

||CLHLOO(S>\)2_|>\1| 22|>\1|
v . Zz_ 22| X"

P@A —

Next, let us define the weights

P f Pey > 1
> 1,
lal| Lo sy) e
A 217y !
" 92|A
(Zz:l ) If ]Pe)\ S 1.
\ 1%
9—IA1] (Z@_lgmu)—l
— min , = :
|alleo(sy) v

Let us introduce the inner product and the norm in H~1(Q)

w U *—ZTA 7?7D)\ 7¢>\>

[[’U*]]* _ [[U*, /U*]]i/Q'
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Note that the right-hand side is finite:

iIndeed, one has

S nlwt ) 0,80 < v eyl -

AEA

The bilinear form [w*,v*], is a multiscale variable order
inner product in H~(Q):

e large scale components ([Pey > 1) are weighted as in
the X (=2:9(Q))-inner product

e small scale components ([Pe) < 1) are weighted as in
the H~1(Q)-inner product.



Canuto, Barcelona, July 1-6, 2002

Coercivity estimate

Proposition. The form A is coercive on X'1/2(().

Indeed, for all w € X1/2(Q),

A(w,w) = A(w,w)Jr[[Lw]]z
> V)2 + 02 + L]

Remark. Ifa=! e L>°(Q), then

1/2
ol = (Welifam +VIVelZa + [E0T2)

)

1/2
(01220 + ¥IV0l320, + [DV]2)
|Dull_,

LV

“20()

LV
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Continuity estimates

Proposition. The following estimate holds

Yw,v € X2(Q)

[A(w,v)| < <Hwal/2(Q) + HwHH(%,o)(Q)) H’Unxl/?(ﬂ)'

Recall that
H(z O)(Q) H1/2(I) ® LQ(ITL 1)
and

lwll 12y, = Nwll ey + N~ Pwl| 120

()~
where p(x) = dist (x, 0I).
Proposition. Assume a™! € L>®(Q). Then

Yw,v € X1/2(Q)

Aw,v)| S (ol + 1072wl o) ) ol xr2e
(£2) (©)



Canuto, Barcelona, July 1-6, 2002

Remark. The estimate

JA(w, v)| S [l vz V] 21720

Is false.
Indeed, already in 1D and for a = 1, the bound
/ < / /
|<’LU 7U>| ~J Hw ||<H(%O/2(I))/||U H(Héé2(1))/
would imply

HwHHSé2(I) 5 HwHHl/2(I)

which is false.
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Some useful (and known) facts about the differential
operator

on the interval I = (0,1).

Property. d, € L(HY2(I),(H)?(I))).

Property. d, € L(Hy*(I), H-Y/2(I)).

Property. For all v,w € H(%Q(I),

|H—1/2(I) <d5€w7 U>H1/2(I)| 5 ||d$wHH_1/2(I)Hd$U||(H562(I))/

On the right hand side, v and w can be interchanged.
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Remark. The estimate

’H—1/2(1)<d$vaw>H1/2(I)’ S ldav]| |dzw]| v

(H 2 (1)) (H 2 (D))

is false. Indeed, it would imply

1/2
[oll 2y S Nellmay, Vo € Hog*(1).
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Finite dimensional approximation

Let {V}}n>0 be a family of subspaces of H; ().

We consider the Galerkin approximation of the infinite
dimensional stabilized formulation

find uy, € V}, such that
A(uh,vh) = f(’()h), \V/Uh e V.

Stability
||U||x1/2(sz) S HfHX—l/Q(Q)'

Moreover, if a=! € L>°(Q), then

lunllr2) + Vv IIVusl 2) + [lun] S 2

1G9 (q)

A priori error bound

Ju — Uh“;cm(g) S w,iféfvh lu — wh”;?l/z(ﬂ)-



