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Non-linear approximation with wavelets in Sobolev

and Triebel-Lizorkin spaces

Gustavo Garrigoés and Eugenio Hernandez

1 Motivation

In this paper we shall consider the problem of non-linear approximation with wavelet like
bases of the form {¢; : I € D} given in (3.1) below. The non-linearity part refers to the
fact that the approximation set X, consists of all functions S of the form S = > ;A cr¢y,

where A C D has at most n elements and ¢y € C.

Traditionally, in signal or image processing, the error of approximation is measured in
the Ly(R?) norm. For L,(R?) norms , 1 < p < oo, the problem has been treated in [DJP].
In this paper, we shall consider the case where the error is measured in the norm of Sobolev

spaces W (¢, R%) or, more generally, in the Triebel-Lizorkin spaces Fy (@, R9).

The motivation for considering these spaces comes from signal and image processing.
While ||f — S||2 is the classical way of measuring the error, it does not take into account
the possible deviations of an image or signal f from its approximation S in terms of its
derivatives. From a theoretical point of view the use of Sobolev spaces to measure the error

should produce a compressed image .S visually closer to f than the traditional method.

By considering a definition of this spaces in terms of wavelet coefficients we are able to
give simple proofs of our results and prove the sharpness of some of them. This illustrates
the importance of having precise characterizations for the classical spaces in terms of wavelet

coefficients.

This article contains material to be presented during the author’s lecture at the workshop “Wavelets

and Applications”, Barcelona, July 1-6, 2002.
Key Words and phrases: Approximation, Sobolev spaces, Triebel-Lizorkin spaces, Jackson inequalities,

Bernstein inequalities, wavelets .
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2 The problem of approximation

The problem of approximation can be described in a general setting as follows. We take the
point of view presented in [DP]. Let X be an abelian group under addition with a neutral
element denoted by 0. A semi-quasi-norm on X is a map | |x : X — RT such that

(i) |z|x > 0 for all z € X;

(i) 0] = 0;

(iii) | — z|x = |z|x for all z € X ;

(iv) |z +yl% < |zl + |yl% for all z, y € X and all v sufficiently small.

The pair (X,| |x) is called a semi-quasi-normed abelian group. Property (iv) is equiv-
alent to |r + y|x < C(|z|x + |y|x) for all z, y € X and some C > 1 (see [BL], page
59).

Consider a semi-quasi-normed abelian group (X,| |x), and select in X a sequence of
sets {X,,n=0,1,2,3,...} such that

i) Xo = {0}

ii)0e X, foralln=1,2,3,...

i) 3, C Xpqq1 foralln=1,2,3,...

iv) Uy, 3y, is dense in X.

The family {3, : n = 0,1,2,3,...} will be called and approximation family for
X. For an element z € X we define its approximation error from elements of {¥, : n =
0,1,2,3,...} by

o (x,5,) = Sienzf |z — S|x . (2.1)

Notice that o, (z,%0) = |z|x. Given A > 0 one of the problems of approximation is to find

a semi-quasi-normed abelian group (Y, | |y) such that (J;7, 3, C Y C X and, moreover,
lylx < Clyly, forallyeY, (2.2)
and
ox(y, ) < CnMyly n=123..., forallyeY, (2.3)
where C' is independent of A and y. Inequalities such as (2.3) are called Jackson type
inequalities.
Another problem in approximation theory is to characterize the approximation space
A% (X), a >0, defined as

AL (X) ={z € X :sup n%,(x,%,) < +oo}. (2.4)
neN
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More generally, given o > 0, and 0 < ¢ < oo, we can ask to characterize the approxi-

mation space Ag(X) given by

A3(X) = {2 € X1 (3 o (@ Bl )1 < oo} (2.5)

n=1

For zx € X, a >0, and 0 < g < 00, define

> 1
[2lagx) = (3 [0 (, )]t )9 (2.6)
n=1
and if ¢ = oo,
|4 (x) = sup noy (z,5n). (2.7)
ne

If we assume that there exists ¢ > 0 such that
Yn £ ¥m CEepngm) foralln,meN, (2.8)

it can be proved that the spaces A (X), a >0, 0< q < oo, are semi-quasi-normed abelian
groups with the semi-quasi-norm given by (2.6) if ¢ < oo and (2.7) if ¢ = co. It is clear
that if Y satisfies (2.3), |yl (x) < Clyly for all y € Y, so that ¥ C A2 (X). Similarly,
if (2.3) is satisfied, for all 0 < e < A\, 0 < ¢ < o0, and all y € Y it is easy to see that

\y]Aé_e(X) < Clyly and Y C A)~(X).

The general setting described above is adapted to linear as well as non-linear approxi-
mation. Suppose that B = {ej,eq,...} is a basis for X (see [HW], section 5.1). If we take
Y, =spaniey,...,ep}, n=1,2,3, ..., the spaces ¥, are linear subspaces of X and we are
in a situation of linear approximation. If we take 3, as the set of all functions S of the
form S = ), A cie;, where A C N has at most n elements, then, the subsets 3, are not
linear, since ¥, + ¥, is not contained in ¥, (we have ¥, + %, C ¥9,). This is a situation

of non-linear approximation.

3 Wavelet bases and function spaces

In this paper we shall be interested in non-linear approximation for functions in Besov and
Sobolev spaces, when these are described in terms of wavelet type bases. More precisely,
a wavelet basis is generated by a finite family of functions ¥ = {41, ... 11} C Lo(R?) by
performing to each ; integer translations and dyadic dilations in the following way: for a
dyadic cube of the form I, = 277 ([0, )¢ + k), where j € Z and k € Z¢, we define

V() = Uy, () = 2792 (22 — k) | (3.1)
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To simplify the notation we shall write D for the collection of all dyadic cubes of R¢ and
A={;I):1=1,...,L,I € D} . We say that ¥ is and orthonormal wavelet system
when the set

S(W) = {wrr : (L 1) € A}

is an orthonormal basis of Lo(R?).

From a theoretical point of view, wavelet systems provide unconditional bases for many
classical function spaces, such as Lebesgue spaces, Sobolev spaces, or Besov spaces. More-
over, equivalent norms can be expressed with weighted sums of the wavelet coefficients (see
[Me], [HW]). This makes the systems S(V¥) a suitable basis to study the approximation
problem described in section 2. In order to deal with these function spaces we need to
impose further regularity conditions on v¢; € ¥. The starting point is the following propo-
sition which characterizes the Lebesgue spaces Lp(Rd), 1 < p < oo in terms of the wavelet

coefficients.

Proposition 3.1. Let ¥ = {41,...,%1} be an orthonormal wavelet system in La(RY).
Suppose that ¢y € C*(R?) for some o > 0 and all | = 1,2,..., L, and there exists € > 0
such that

C

d _
W, $€R,l—1,2,...,L. (32)

[vi(z)| <

Then, for all 1 < p < oo, S(¥) is an unconditional basis for L,(RY). Moreover, for all
f € Ly(RY),

11z, ey ~ 0C D 1) P % OV g - (3-3)

(L,HeA

This result is shown when d = 1 in [KL] (Chapter 6), but the same proof given there
works for the case d > 1 (see also [Me](section 6.2), where the result is proved with stronger

regularity conditions).

Suppose that ¥ is an orthonormal wavelet system as in Proposition 3.1 and let 1 < p <

00. Then, every f € Lp(Rd) can be uniquely written as

F=>ax(Hx  where  ax(f) = (f,¥n).

We now define several subspaces of Lp(Rd), 1 < p<oo. If sis a real number such that
s >0, let

_o(s4 1 1
|f|W;(\IJ,]Rd) = II( Z |asr (F) P11 2(d+2)XI('))2||Lp(]Rd)7 (3.4)
(LDHeA

418



and consider the Sobolev space W (¥, R9) as the set of all functions f € L,(R?) for which
| flws (w.ray < 400, with the norm given by

HfHW;(\I!JRd) = [[fllz,®a + \f\w;(\l/,ﬂ&d) . (3.5)

More generally, if s and r are real numbers such that s > 0 and 0 < r < oo, we
define the Triebel-Lizorkin space F;T(\II,RUZ) as the set of all f € L,(RY) such that

|flEs, (v ray < +oo where

—r(24 1 1
ey, ey = 10D Tanr (O DX ()) 7|, ey (3.6)

(LI)eA

A quasi norm in FJ (, R%) is given by

||f||Fg7T(\I/,]Rd) = [fllz, @) + ‘f|F1§7T(\IJ,]Rd) . (3.7)

It is clear that F3,(¥,R%) = W3 (¥,RY), and by Proposition 3.1, F{o(¥,R?) = L,(R?),

with equivalent norms.

For the purpose of approximation we also need to introduce a class of Besov spaces. Let
B, T and ¢ be real numbers such that § > 0, 0 < 7, < 0o and % = % + %. Take ¥ as in
Proposition 3.1 and define the Besov space ng(\II, R9) as the set of all f € L,(RY)NL,(R?)
such that |f|Bf,q(\I/,]Rd) < 400 where

1/q

r(B4i-1
’f’Bﬁq(q;]Rd = Z Z Z ‘al,]k ‘ ’Ijk’ (q + T) . (38)

jeZ \ I1=1 kepd

RIS

A quasi-norm in BE{ ¢(¥,RY) is given by

HfHBf6 (T,RD) — HfHL (R9) + |f|Bf3 (TR - (39)

Under sufficient regularity conditions on ¥ one can show that these spaces are complete,
do not depend on ¥, and actually they coincide with the classical Sobolev, Triebel-Lizorkin
and Besov spaces. There are many research papers devoted to these characterizations, but
non of them with such generality that treat all cases (the case 7 < 1 is typically avoided), or
include minimal regularity assumptions on the wavelet system U (see [Bo], [GHT], and [Si]).
For the purpose of this note we do not need the classical expressions of these quasi-norms,
and it will suffice with the presentation given above. This illustrates in particular the power

of wavelet based techniques in the theoretical study of non-linear approximation.

As a final remark we must observe that, in most applications, the success of wavelet

techniques is in many cases due to the good properties related to the dyadic structure. For
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instance, the Multiresolution Analysis (MRA) of S. Mallat ([Ma]) provides fast numerical
algorithms for the analysis and synthesis of signals. For a realistic implementation of such
techniques it is essential that the functions ¢; € ¥ are compactly supported. However, the
construction of compactly supported orthonormal wavelets in Lo(R?) is a difficult task for
which at the moment there are no satisfactory examples (besides the tensor product of one

dimensional wavelets).

In recent years, alternative constructions for wavelet systems have appeared, where the
orthonormal condition is dropped in favor of pairs of biorthogonal wavelet bases ([CDF],
[Col). A further generalization which admits compactly supported functions are the frame
wavelet systems ([GR]). This is a pair of systems ¥ and ¥ such that every f € Lo(R%)

can be written as

=Y (50 =D ()i, (3.10)

AEA AEA

with unconditional convergence in Lo(R?), and so that the coefficients satisfy the following

stability condition

1/2 1/2
% (Z ’<fﬂLA>’2> < fllppmay <€ (Z \(fﬂZAHg) ; (3.11)

AEA AEA

and similary for {(f,¥)) : A € A}. Frame systems were extensively studied by M. Frazier
and B. Jawerth ([FJ]) showing that they also provide norm characterizations for function

spaces by means of weighted sums of the coefficients {(f,¥») : A € A}.

The techniques we develop in this paper are general enough to be applied
to any of the systems above.
4 Approximation and real interpolation

It turns out that, in many instances, the approximation spaces Ag‘(X ) can be identified
with interpolation spaces obtained by the real method of interpolation. References to this
result in particular settings can be found in [DP] (Theorem 3.1) and [Co] (Theorem 38.1;
see also Theorem 28.2 and Remark 28.2).

For a pair of compatible semi-quasi-normed abelian groups (X, | |x) and (Y,]| |y), with
Y C X, the K functional is defined as

K(t,z) = K(t,z; X,Y) = ian/{]x—y]X—i—t\y]y}, reX, teR. (4.1)
ye
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To state the next result we need to consider a sort of inverse estimate to (2.3), namely
ISly < CnMS|x forall SeX,, n=1,23,...,, (4.2)
which is called Bernstein type inequality.

Theorem 4.1. ([DP], [Co]) LetY C X be two semi-quasi-normed abelian groups and {3, :
n=0,1,2,...} an approzimation family for X as defined in section 2 with |,y Xn C Y.
Suppose that there exists X\ > 0 such that the Jackson inequality (2.3) and the Bernstein
inequality (4.2) hold. Suppose, also, that there exists an integer k such that

S £ S C Shingm)- (4.3)
Then, for a € (0,A) and 0 < q < oo, there exists C > 0 such that
i) (2% (2,%95))j20lle, < CIl (K (2,27V))jezlle, for allz € X
and

i) (2K (x,27V))jenlle, < C [ falx + (270 (2, 29))j20lle,] ,  for all z € X.

It is easy to see, due to the monotonicity of o, (z,%,), that
2] ag ) = 11(27%0 (2, %95))j20lle, € X, >0, 0<g<00. (4.4)

For 0 < 6 <1 and 0 < ¢ < oo define the interpolation space

(XY )ag = {x € X : |2lxy), = (/OOO [f@ K(:c,t)]q %)w < +oo} . (4.5)

It can be shown (see [BL], page 41 ) that for any real number b > 1

/ [t‘e K(z:,t)]q % ~ Z I b2 K(m,b‘j)]q , for all x € X. (4.6)
0 ez

Corollary 4.2. With the same hypothesis as in Theorem 4.1, we have
A?(X) = (Xa Y)oz/)\,qa (47)
and there exist C1, Co > 0 such that
Cr |zlagx) < |2l(xy)0)n, < C2 [ [|x + [2|aa(x) | > (4.8)

Proof. The inclusion A(X) C (X,Y),/54 and the right hand side inequality follow
from (4.6) and ii) of Theorem 4.1. The reverse inclusion and the left hand side inequality
follow from i) of Theorem 4.1. O

The approximation spaces Ay (X), > 0,0 < g < oo, form an interpolation family for
the real method of interpolation (see Lemma 4.4 below). To show this we start proving that

the approximation spaces Ay (X)) satisfy Jackson and Bernstein’s inequalities.
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Lemma 4.3. The spaces AQ(X), A >0, 0< q< oo, satisfy the Jackson inequality
i) o (y, %) < Cn A |y\A9(X), n=1,23,..., forallyeyY,
and the Bernstein inequality
Slayexy < C ot [Sly  forallS€X,, n=1,23,...

Proof. i) If ¢ = oo, from (2.7) we deduce the desired result with C' = 1. If ¢ < oo, we
use the equivalence (4.4) to deduce that 2% o (y,%,;) < C |?/|AQ(X) for all j > 0. For
any n € N choose j > 0 such that 2/ < n < 20+1), Then,

n)\o-X (y7 En) < 2(j+1))\ Ox (y7 221) < C |y’A‘;‘(X)

which shows the desired result.
ii) If S € ¥y, it is clear that o, (S, Xom) = 0 for all m > jo. Thus, using (4.4) we obtain

Jo—1 jo—1
Sl <O Y27 o (8,507 <CISE 3 24 < oSy
j=0 =0

The desired result follows easily from this inequality. O

Lemma 4.4. The family of spaces {A7(X) :a > 0,0 < g < oo}, is an interpolation family
for the real method of interpolation, that is, if 0 < ag < a1, 0 < qo,q1 <00, and 0 <6 <1

we have
(AZ‘OO(X), Ag‘l1 (X))o,q = AS‘(X)7 a=(1-0)ay+ 0ay.

Proof. From Corollary 4.2 we conclude that Ag(X) = (X, A?)Q/Ag for any o € (0, \)
and any ¢ such that 0 < ¢ < oco. Choose A > max{ap, a1}. By the reiteration theorem for
the real method of interpolation (see [BL], page 50 ) we obtain:

(AgOO(X)7 Agf (X))97q = ((Xv Ai\)ao/)\,qo ) (Xv A?)al/k,q1>0q = (Xv Ai\)a/)\,q = Ag(X)

)

5 Jackson type inequalities

We want to prove inequalities of Jackson type when the error is measured in the Sobolev
space W (U, R?) or, more generally, in the Triebel-Lizorkin space FpS’T(\I/,Rd). For s > 0,
1<p<oo,0<r < oo, consider

ops (wrd)(f, Xn) = Sleanl |f = Slrs (v ra), n=123,... (5.1)
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where ¥, is the set of all elements of the form ) ., cx ¥, and A C A has at most n

elements. We are interested in proving inequalities of the form
UF;,T(\II,]I&d)(f7 En) < C’n_)\ |f‘Bﬁ§B(\P,H&d)’ n = 1a 2a 35 s (52)

for all f € Bﬁfgﬁ (U, RY). Here we are assuming that {¥) : A € A} is an orthonormal wavelet
system for Lo(R?) as in Proposition 3.1. The arguments in sections 5 and 6 also work, with
obvious modifications, if we consider pairs of frame wavelet systems.

There is a relation among some of the parameters that appear in (5.2); this is proved in

the following lemma using a homogeneity argument.

Proposition 5.1. If Jackson’s inequality (5.2) holds, we must have % ==+ g.

1
p
Proof. We present the proof for ¥ = {¢} and write
F=Y20" aiu(Hsn a;k(f) = {fi k)
JEL kezd

Let D;f(z) = 2'4/2 f(2'z) be the dyadic dilation operator normalized in Ly(R?). Then,

Dif(x) =Y Y ajik(Hjn- (5.3)
JEL keZd

Write

S 1=

= Y JagaHr 2Dy, (@)

JEL jezd

which is the expression that appears in the definition of |f| Fs,(,rd)- Then,

s, 1 1
|Dl(f)|FST(w,]Rd) = |I( Z Z |aji(f)|"2 GHhdr(g+ 2)XI +lk( ))T”Lp(]l&d)'
D,

JEL jezd

With the change of variables z = 27y, if x € [; 4, = 2-UHD(]0,1)¢ + k) we have y € L ks
so that

s 1 _ld (2411
ID1(f) s pmay = 296G 277G, (-, ) may = 2G| f] e (5.4)

which shows the homogeneity relation for | - | Fs, (,R9)-

For the Besov spaces we have, using (5.3),

a\ 1/q
_ (5% 1_1
\Dz(f)|3iﬂgﬁ(¢,ﬂgd): Z Z|aj—l7k(f)|T|Ij,k| r(E41 1
JEZ \kezd
a\ 1/q
_ s+ 1_1
- Z Z \aj ()T L "G F27%)

JEL \kezd
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stB41_ 1

If Jackson’s inequality (5.2) holds, from (5.4) and (5.5) we deduce

s, 1_ 1
g!data—y) Oy, ity (Fs30) = 0ps (g rey (Dif;50)

st 1 1

< C 0 Dif| gy pay = O 2l 2 =7 | f] BEE ()

for all f € Bif?(y,RY). Thus,

A
morg,wr (L3 iy

(5.6)
¢ |f’B.,S-:Zﬁ(zp,]Rd)
for all f € Bf-i}ﬁ (¢, RY). Since there are functions f for which the left hand side of (5.6) is

non zero, letting ! — oo and | — —oo we obtain the desired result. O

We are now ready to prove the main result of this section, namely a Jackson type
inequality when the error of approximation is measured in Sobolev and Triebel-Lizorkin

spaces.

Theorem 5.2. Let us consider real numberss >0, >0, 0 < 71,q,7 < 00, and 1 < p < 00,
such that ¢ < p and 1 = %—i—g (d = dimension). Suppose that {¥y : A € A} is an
orthonormal wavelet system for La(RY) as in Proposition 3.1.

i) If 7 < q, for all f € BEiP (W, RY) we have

1

p

Q=

ops waty(f,Sn) < C 7l n=1,2,3,...

)
‘f|B$§5(@’Rd)

i) If ¢ < 1, for all f € Bﬁfgﬂ(\ll,]Rd) we have
(fiZ) < Cn ) )] =1,2,3
O-sz,r(‘pvﬂ&d) yZn) > n Bizﬁ(‘yyﬂ&d) n 3Ly Dy ..

Proof. We present the proof for ¥ = {¢}. The proof in the general case can easily be
adapted from this. We start showing that ii) follows from i). In fact, i) with ¢ = 7 gives

11
O-szﬂ.(qjgﬂ&d)(fa Zn) <C n(T p) |f|Bi7tﬁ(1/J,]Rd) n = 17 27 3> s

Since ¢ < 7 in case ii), £, C £, and hence ‘f‘Biﬁﬁ(zb,ﬂ&d) < ‘f‘BiTZﬁ(wvﬂ&d).
By homogeneity, it is enough to show i) for f € Bﬁj}ﬁ(w,Rd) with |f|Bs+[3(¢ Rty = 1.
7,9 b
Write f = 3 ;cp ar(f)+r. We claim that there exist at most n coefficients ar(f),I € D,
satisfying

rip—r(3tE 1 1
Jar (A1) ) >

. (5.7)
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To see this, suppose that there are more than n indices I satisfying (5.7). If n;, j =
1,2,...,m is the number of such coefficients a;(f) belonging to the same dyadic level j we

must have ny +ng + -+ + n,, > n and, since ¢/7 > 1,

_ " ya/T 4 (m

nt/a nt/4

)q/T

1
> () > 1,

which is a contradiction.
Let A be the set of at most n elements I € D for which (5.7) is true. For each I € A

we have

1 5+ﬁ+
lar(f)] < i ||

1_
2

S =

(5.8)

Define S = ;.x ar(s)¥r € Ep and E = f —S. Since ansyr(wJRd)(f, ) < |f- S|F5’r(,¢,’ﬂ&d)
we only need to estimate

(541 r ~
|Blgg, ey = 1D ar(DIMITE 2 xa ()Y |, ey = I, ey (5.9)
I¢A

where
1/r
~ s 1
E(r) = (Z jar ()72 Xl(w)> '
I¢A
For a natural number N, that will be chosen later in an appropriate way, we split the sum
defining E(z) into two parts, E(x) = Ey(x) + E»(x), where E; contains all the terms with
I ¢ A such that ¢(I) = |I|'/% > 2N and Fs the rest.
To estimate E; for 7 < q use (5.8) and the fact that each z is exactly in one dyadic

cube of any given side length to obtain

= r 1 (S Ly p(stBal 1
Ei@) < — > TG CE ) ()
{I¢A, ((1)>2N}
1 > e B 1 — ;
jdryg—= _— —jdr/p
= nr/4 Z (2 )d n”/q Z 2
j=N j=N

A 1 2—Ndr/p
TP /g ’

Thus, for the large intervals we have

_—_ 9—Nd/p
proig 2 : (5.10)

Let t > 0, and choose N = N(t) € N such that

Lo N 8 L —(v=1a/p
Cpﬂ«m 2 S 5 <Cp7rm 2 .
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Let u(E,t) = |[{z € R?: |&(x)| > t}| be the distribution function of E. By (5.10) and our
choice of N we have p(E,t) < u(Es,t/2). An estimate for Ej is obtained in the following

way:
1/r
Es(z) < ST Jar(NITTED o (x)
{IeD, ¢(I)<2N}
= S aHr GG G ()
{I€D, ¢(I)<2N}
1/r
1_1 (s 1
< [Sup jar ()] [1]7"4 <d+2>>a<w>] Sy )
1eD {IeD, £(I)<2N}
Since ¢, C fs and ¢, C ¢+ we obtain, using————i—ﬁ
N+1
Br(z)< CB 219G | = € Bp(x)2V ) 5.11
2(r) < )| > TP = F(z)27 ey (5.11)
j=—00
where
q/r Ve
Cp(lystBi1 1
Be(a)= |3 | Y JagulHI 1Ll Tt 027 g ()

JEL \kezd

and we have used ¢ < p to evaluate the last sum in (5.11). From the definition of N we
deduce 2V¢ < Cn~P/9t=P, From (5.11) we obtain

Ba(z) < O By(z) n-alas) g0+

where we have used again ¢ < p. Returning to the distribution function we can write

(B, t) < u(Bat/2) < p(By(x), Cnila™s) ¢h). (5.12)
Therefore,
L dt o pl_1y »o o dt
121, 0 = [ u(E,mp?gp/o p(By(x), Oni G tq)tP;
_ by g du i
—c " usyto Dt &= oD B2y (5.13)

1 1
where we have done the change of variables u = Cnala™3) ta. Observe that

q/T
_ 5+5+l 1
1B oy = 3 [ | Xl Il T v @] o
JET kezd
5+ﬁ 1_1
=X [ e D v
J€Z |kezd
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-7

D=

_Z Z |ajk(f a

J€L |kezd

<SC Y| lauHI Ll 7

JEL | kezd

— q
=l ’Biﬂ;ﬁw,ﬂ&d)

a/T

el

S
—

(5.14)

where we have used in the second line that for j fixed the intervals I;; are disjoint an that
7 < q in the next to the last line (¢, /, C £1).
Hence, by (5.9), (5.13) and (5.14)

ops (k) ([, Xn) < |Elps (pray = HEHLP(JRd

= o0~ By < Cn” G A1

=cn~ Gy,

which is the desired result. O

Remark. Taking r = 2 in Theorem 5.2 we obtain i) and ii) with F;, (¥, R9) replaced by
the Sobolev space WI;S(\I/, Rd). Whenr=2,s=0,and 1 < p < oo and ¥ is an orthonormal
wavelet system satisfying (3.2), we have |f|ps (wra) = [|fl|lzo@a). Thus, Theorem 5.2 gives
Jackson’s inequality when the error of approximation is measured in LP(R%), 1 < p < oo.
This improves Theorem 2.1 in [DJP].

Proposition 5.3. Let us consider real numbers s > 0,6 > 0, 0 < 7,q,7r < 00, and
1 < p < oo, such that ¢ < p and % = % + g. Suppose that {¥y : X € A} is an orthonormal
wavelet system for Ly(R?) as in Proposition 3.1. Then, there exists C > 0 such that

|f’F§7T(w,H&d) < C ‘f|B§j}'S(w7Rd) for all f € BﬂJrs(waRd) . (515)
In particular, there exist C > 0 such that
1l < C 1flps ey Jor all f € BIy (. RY). (5.16)

Proof. This proposition correspond to the case n = 0 of Theorem 5.2. The proof of

(5.15) is similar to that of Theorem 5.2, except that, assuming |f| s+ = 1, estimate
7,9

(¥,RY)
(5.8) is replaced by |as(f)| < |I|%+%7% for each I € D. We omit the details. Inequality

(5.16) follows by taking s = 0 and r = 2 in (5.15) and using Proposition 3.1. O

6 Bernstein type inequalities

We want to prove inequalities of Bernstein type for Sobolev spaces W;(W,Rd), or more

generally for Triebel-Lizorkin spaces F;’T(W,Rd). That is, we are interested in proving

427



inequalities of the form
‘S’Bjj&ﬁ(\pj&d) <C n* |S|F§7T(‘Il,]1&d) ) (61)

for all S € ¥,, n=1,2,3,... and some A > 0. Here we are assuming that {U) : A € A}
is an orthonormal wavelet system for Lg(R?) as in Proposition 3.1. We would like to find
the best A in (6.1) as well as the relation between the parameters that appear in the above
inequality. A homogeneity argument, as in the case of Jackson’s inequality, gives the relation

among the parameters.

Proposition 6.1. If Bernstein’s inequality (6.1) holds, we must have % = 1—1) + g .
Proof. We present the proof for ¥ = {¢}. Let D;f(x) = 2/4/2f(2'z) be the dyadic

dilation operator. If Bernstein’s inequality (6.1) holds, from (5.5) and (5.4) we deduce
Bts 1 1 ld(s+1-1
2ld( T T3 ‘r) |S|Bizﬁ(w,ﬂ&d) < C n>‘ 2 (d 2 p)‘S‘F57T(¢,Rd)’

forall S € ¥,, n=1,2,3,... (Notice that if S € 3,,, D;S € ¥,;;). Thus, forall S € ¥,,, n =
1,2,3,...
JaGri-h oo Pleens
1S Bsp p.mey
Letting | — oo we deduce g + % — % < 0. Letting | — —oo we deduce g + % — % > 0. Thus,

we have the conclusion of the Proposition. O

Theorem 6.2. Let us consider real numbers s >0, 3 >0, 0 < 7,q,7 <00, 1 <p <
such that 1 = %—i—g (d = dimension). Suppose that {¥y : A € A} is an orthonormal wavelet
system for Lo(R?) as in Proposition 3.1.
i) If T <gq, forall S € X,, n=1,2,3,... we have
1_1
S| pssgaay < C 779 |Slpy @mey  n=12.3,...
i) If g < 7(< p), forall S € ¥, n=1,2,3,... we have

1_1
|S‘Bf—j&ﬁ(‘l’,ﬂ&d) S C n(q p) |S‘F§’r(\lf,ﬂ&d) n = 1,2,3, e

Proof. We present the proof for ¥ = {¢)}. The proof of the general case can easily be

adapted from this. It is easy to see that i) follows from ii). In fact, ii) with ¢ = 7 gives

1_1
Sl prs ey < C n=") S| (ypey  forall SET,n=1,23,...

Since 7 < ¢ in case i), £ C £, and, hence, |S|Bifgﬁ(w,ﬂ&d) < |S‘Bﬁﬁﬁ(¢,ﬂ&d)‘
We need to show ii). Write S = Y parr with [I'| < n, and let I' = {I1,I5,...,I,},
where |I;| < |Ij+1], 5 =1,2,...m—1. Let J be the set of all j € Z such that ¢(I;) = 27 for

some i = 1,2,...,m. By using ¢ C ¢.,, we can write

T/q
q/T

(Bl 1
|S|BT’G$S(¢JR‘1) :Z Z lar|” |I| (% +5—7)
jed \er)=2i
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SOX 2 i MR

JeJ oI
q dx
=C Z\GI! *ta- I()m
IEF
q
= ¢ [S“p Jar| |1 %%xxw)} ST () | da.
Rd LIel Ter

Since ¢, C f+ we deduce
a < 5 I|» . 2
ST sy < C [, (S (;r - ) 62)

where

1/r
(Z a7 X (a >>

Iel
andwehaveusedl:——l—ﬁ Let £ = ;\U;;1j, j=1,2,...,m, so that the sets E; are
disjoint and |J;~, E; = Um I;. Then, from (6.2) we obtain

STy < C Z / ( 7! <w>) dz. (63)
Ier
If x € E;,

a_ a_
Yol x Zllef' xn(@) < C L,

Ier

where we have used 1 —1 <0 (¢ < p). From (6.3) we deduce

771
‘SqBﬂJrSw]Rd — CZ/ ‘I|

Apply Holder’s inequality with exponent > 1 to obtain

ey < € f}(/}s (5r(x))pdm>Q/p!Eyl“ yI‘—1]
SCZ(/, pdlq)q/p‘

We now apply Holder’s inequality to the sum with exponent g > 1 to obtain

q

(S o) (5
< Cn'r (/}Rd (gr(:z))pdac)q/p .

1-9
= C’)’L p

IN

’S’Bﬁ+9 "l} ]Rd)

q
|S|F§,7(¢7]Rd) ’
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which is the result we wanted to prove. O

Remark. Taking r = 2 in Theorem 6.2 we obtain i) and ii) with F};, (¥, R9) replaced by
the Sobolev space sz(\I/, ]R{d). When r =2, s=0,and 1 < p < co and ¥ is an orthonormal
wavelet system satisfying (3.2), we have |S|F5’T(,¢,7]Rd) ~ [|S|lzpra). Thus, Theorem 6.2
gives gives Bernstein’s inequality when the error of approximation is measuree in LP (]Rd),
1 < p < oo. This improves Theorem 3.1 in [DJP].

We now show that the exponents A we have found in Theorem 6.2 cannot be improved.

Proposition 6.3. If Bernstein’s inequality (6.1) holds, we must have

1 1 1 1
A > max{-——-, - —-}
qQ p T P
Proof. Take S, = 377, ay,, ¥, with I; disjoint cubes such that |I; x| = 2774 and
lar; | ’Ij,krT(szﬁJr%*%) = 1. Then
n
Sl ggtsgupay = (Y 1)1 =n"1. (6.4)
j=1
Since the I, are disjoint and % = 1% + g )
i . p/r 1/p
_r(s41
SulFs, (w.mt) = /]Rd Z|G’Ij,k|r Lo (@t 2) X, (%) dz
j=1
[ 1 p/r o
=12 (ol a0 )
=1 1in
n 1/p
_p(s4 L
= [ D lag, P 11| Plat 2t
j=1
n B+ 1 1 1 1/p
= [ D [LslrTa e ) |1 rat )
j=1
(B 1 1
=3 9—Jdp(g+y—7) =(>_ 1) =nl/r
j=1 j=1

If Bernstein’s inequality (6.1) holds, we must have n!'/? < Cn*n'/?. Thus, n%_% < Cn for
all n =1,2,3,..., which implies 5 —1-1) <.

Take now T,, = ZZZI ag Yok , with Ipy disjoint cubes belonging to the same dyadic
level such that |ag ;| = 1. Then, since |Iy x| = 1,

n 1/7

o (Bts 11

Tl pgte(ume) = (Z ol 7072 T)> = (6.5)
k=1
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Also, since the I, are disjoint

1/p

n p/T
(241
|Tn‘Fﬁ,r(w7Rd) = /]Rd (; |I0,k‘ (d+2) XIO,k (QU)) dx

n 1/P
- <Z / XIO k (J}) d.%‘) = nl/p
k=1 Iy k ’

1 1
If Bernstein’s inequality (6.1) holds, we must have n'/7 < Cn*n!/P. Thus, n* " #» < Cn> for

alln=1,2,3,..., which implies % —}D <X. O
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