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Introduction

e T he set of KAM tori does not contain any open
set. Therefore, until 15 years ago, KAM theo-
rem was thought to be able to ensure the stabi-
lity just for systems with 2 degrees of freedom
(=DOF), thanks to a topological confinement.

e For Hamiltonian systems with more than 2
DOF, Nekhoroshev's theorem was supposed to
be the best tool to prove the “effective” stabi-
lity. In fact, it is able to provide upper bounds
to the eventual diffusion of the actions variables
for very long times.

e In Morbidelli A. & Giorgilli A.: “Superexpo-
nential stability of KAM tori”’, J. Stat. Phys.
(1995), KAM and Nekhoroshev's theorems are
combined so that the invariant tori are shown
to be in an excellent position for proving the
“effective” stability nearby (in problems with
more than 2 DOF).

e Here, we want to reconsider the approach due
to Morbidelli & Giorgilli, in order to evaluate its
applicability to concrete physical systems.



What has been done in the past (theory)

e Proof scheme due to Morbidelli & Giorgilli.
Start from a quasi-integrable Hamiltonian

H(p,q) = h(p) +<f(p,q) ,

where (p,q) € R"xT"™ and ¢ is a small parameter.
(1) Construct the Kolmogorov's normal form:

H(p,q) = w-p+ O(|pl*) ,
where w is a fixed, Diophantine frequency vec-
tor, i.e. |[E-w| >~/|E|" V ke Z™\ {0}.
(2) Consider the distance from the invariant to-
rus p = ||p|| as a new “small parameter” and
construct the Birkhoff's normal form up to an
“optimal order’:

Topt

H(p,q) =w-p+ > Zi(p)+ R, q) ,
=1

with R(p,q) = O(||p||"»*T2) and 7oy such that

5\ 1)
sup R(p,9)| S exp (— (—) ) ,

(p,9)€Bp(0) xT™ p
where py is a positive constant.



What has been done in the past (theory)

(3a) Consider the complementary set 7¢(p) of
the invariant tori belonging to B,(0) . If the qua-
dratic part Z;(p) of the normalized Hamiltonian

is non-degenerate, then VO|(TC(,0)> x /||R|| (see
Neishtadt A., PMM U.S.S.R. (1982)) and

1, \L/(r+1)
Vol(T<(p)) < exp (_ : (/:1/)(r+1) )

(3b) Assume that the Hamiltonian in Birkhoff's
normal form is also quasi-convex. T herefore,
we can apply the Nekhoroshev's theorem in the
version provided by Poschel J. (Math. Zeitsc.,
1993). Thus, if the initial condition p, € B,(0),
then [|p(¢) —pyll will remain “exponentially small”

for all
1 1/(7+1)
51 (px)
Cexp ( L/ D) )

where C' is a positive constant. Let us stress
that the “diffusion time” T, is proportional to
the exponential of the exponential of the inverse
of the distance p from the KAM torus related to
the frequency vector w.

it| < Ty~ exp

Y




What has been done in the past
(numerical experiments on mappings)

By numerically explorating the standard map clo-
se enough to the golden torus, Lega E. & Froe-
schlé C. (Physica D, 1996) showed that the size
of the resonant regions shrinks exponentially to
zero with respect to the distance of the golden
torus itself.

In L.U., Lega E., Froeschlé C. & Morbidelli A.,
Physica D, 139 (2000), the Greene's method is
adapted so to approximate the size of the reso-
nant islands via the computation of the residue.
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What has been done in the past

(numerical experiments on mappings)
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For each of the figures above a frequency w
is fixed. The size m; of the resonance rela-
ted to the j—th best approximant P;/Q; of w
is studied as a function of the distance d; =
w — Pj/Qj|. The approximations provided by
the calculation of the residue (symb. A) nicely
agree with the results given by a frequency ana-
lysis method (symb. (). Moreover, from the
Greene’s conjecture, one can guess the law:

mj o~ c’ldj exp (— 0/2 /\/E) ;

with ¢}, ¢5 suitable positive constants.



NEW NUMERICAL EXPERIMENTS

Focus on a model of a forced pendulum, i.e.

1
Hop(p,q,t) = 5292 + e [cosq+ cos(q —1)] .

By iterating 27 /h times the leap-frog integrator
(with time-step h) of the flow induced by Hsp,
we can introduce a Poincaré map M: : RxT —
R x T that is symplectic. Thus, we can repeat
the numerical experiments previously described.
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In fig. above, each symbol corresponds to a va-
lue of e. The dashed curves are drawn according
to the asymptotic law m; ~ ¢} d; exp (— ch /@) ,
with ¢}, ¢5 given by a least squares fit.



Remark: the parameter 0’2, ruling the expo-
nential decrease of the resonant regions, can be
measured with such a numerical experiment.

Remark: the analytical theory can evaluate ano-
ther parameter p., ruling the exponential de-
crease of the resonant regions. Moreover, the
superexponential estimate about the “diffusion
time” depends on that same parameter.

QUESTION: how far are the analytical esti-
mates from the numerical measures about the
exponential decrease of the resonant regions?

Remark: computer assisted proofs can be suc-
cessfully implemented in order to perform the
initial construction of the Kolmogorov’'s normal
form for realistic values of ¢.

Remark: in order to produce explicit analytical
estimates that can suitably apply in a computer-
assisted context, we are forced to partially rew-
rite them. Basically, this requires to adapt the
standard technique producing the estimates for
the Birkhoff’'s normal form.



BIRKHOFF’'S NORMAL FORM
(constructive algorithm)

e Start with a Hamiltonian of the following type:

H=D(p,q) = w-p+2Z1(p)+ ...+ Z_1(p)
—1
_I_Z?;r fl(r )(2_972) ’
where Z;(p) and fl(r_l)(;_o,g) are homogeneous
polynomials of degree [ 4+ 1 with respect to p.

e Determine a generating function Xr(]_?,g)_by
solving the homological equation

n

Oxr  (r—
> w; X7y 1)(1_9»@ = Zr(p) -
j=1 94

e [ he next Hamiltonian is defined as
H(T) = exp £XT H("’“—l) :
being exp £, the usual Lie series operator.

e By gathering all the summands having the sa-
me degree in p, one obtains iterative formulas to
calculate the new terms entering the expansion

H) (p,q) = w-p+2Z1(®)+ ...+ Z,_1(0) + Zr(p)
+Zi’ir+1 fl(r)(zg,g) -



BIRKHOFF'S NORMAL FORM
(scheme of estimates)

e \When the homological equation is solved, the
Diophantine inequality implies that

Y

Ixrl[ o< 7

e Roughly speaking, the derivatives due to the
Poisson brackets add some factors O(r), then

fﬁ?l” < [[Lxp Za|| o |Ixrll S "“THqugr_l)H .

Iterating such estimates, fffgl = O((r!)T‘H) .

Remark: this scheme of estimates is easy to
prove for nonlinear oscillators, but it needs some
additional (standard) analytic work near a torus.
e The accumulation of the factors O(r) is so
that the following estimate hold when p € B,(0):

Y
l=r+1

o If r = ropt = ropt(p) Minimizing ()7 T1p", then

HR(ropt)H < exp (_ <ﬁ> 1/(T—|—1))
Jo

HR(T‘) SJ (T!)T—|—1pr .




BIRKHOFF'S NORMAL FORM
(final estimates near a KAM torus)

By applying this technique, we can prove that

!
Sup ‘R(Topt)(zz, g)\ < Cp?exp | - <ﬁ>
(p,q)€B,(0)xTn I
where C' is a constant and
42
s ﬂ ' o711
M \2
Pr = 1/(R+1 )
PT+2€2(R+1)] /(R+ )<@_|_4>

with o equal to the width of the analytic strip
in the angles, d= ..., R= ... and so on.
Briefly, px can be explicitly calculated.
Remark: our statement provides also suitable
estimates about the normal form terms Zs(p)
with s > 2 (i.e. terms of higher degree than the
quadratic ones). These inequalities are essen-
tial in order to eventually extend both the non-
degeneracy and convexity properties from the
quadratic part to the whole normal form. This
IS essential to apply the statements given by
Neishtadt and POschel, respectively.



THE COMPLEMENTARY SET OF KAM TORI
(procedure comparing analytical results to numerics)

e As a first application to a 2 DOF problem,
we started from the Kolmogorov’'s normal form
related to the forced pendulum, i.e.

H(O)(Z_?7g) — PO _I_ w Pl + f](_O)(p17Qanl 15) ,

where w = (v/5—1)/2 = 7 = 1 and the computer-
assisted estimate of the norm of the (quadratic)
term fl(o) is taken from Celletti A., Giorgilli A.
& L.U., Nonlinearity (2000).

Remark: the analytic asympotic law about the
volume of the complementary set of the KAM
tori is analogous to that guessed by the Greene
conjecture.

e We considered a few values of € < 0.0276 (i.e.,
less than the breakdown threshold). For each of
them, the value of the coefficient ruling the ex-
ponential decay of the resonant regions as given
by the analytic theory is compared to that given
by the numerics.



THE COMPLEMENTARY SET OF KAM TORI
(results comparing analytics to numerics)

The analytical results are reported in the second
column of the table below. The ratios compa-
ring the analytical results to the numerical ones
are reported in the fourth column.

€ P C/2 (12;552)0*
0.000025 |3.09 x 107> | 2.34 2.5 x10~7
0.00025 |1.11 x10° | 1.58 2.0 x 10~/

0.0025 1.79 x 10°° [ 0.809 |1.2 x10~'
0.01 1.41 x10~7 |0.345 |53 x 108
0.02 271 x 1079 |0.111 | 9.8 x10°9°
0.025 1.40 x 10712 ] 0.0345 | 5.2 x 10711
Remark: our approach (in the present form)

might be applied to quasi-integrable systems su-
bject to extremely small perturbations.



QUESTION: when it is interesting to apply
these estimates to physical systems?

Answer: the neighborhood of a fixed KAM to-
rus where the estimates holds true should inclu-
de a set of initial conditions taking into account
their uncertainities.

As an example, a rough and large evaluation
of the uncertainities on the observational da-
ta about the planetary motions claims that the
initial conditions should be contained in a ball
having a radius large 10~° in actions (see Gior-
gilli A., L.U. & Sansottera M.: “Kolmogorov
and Nekhoroshev theory for the problem of three
bodies”, submitted).

Remark: therefore, the comparisons with the
numerical experiments look not so ridicolous,
but the forced pendulum problem is just a toy
model.



THE COUPLED FORCED PENDULUMS
(beginning of numerical experiments)

e Consider two coupled forced pendulums (i.e.
a 3 DOF problem):

Hap(p,q,t) = 3 (p% -+ p%) + €[COS(Q1 —t)
+ cos(gp —t) +bcos(q1 — q2)| -

e \We focus on a neighborhood of the KAM
torus characterized by w = (1,1/a,a), where
a ~ 1.3247 is the unique real solution of the
equation 23—z — 1 = 0, then w is Diophantine
with 7 = 2. We limit ourselves to consider the
coupling value b =0.4.

e [ he adaptation of the Greene method to sym-
plectic maps in more than 2D (see Tompaidis S.,
Exp. Math. (1996) or Celletti A., Falcolini C.
& L.U., Reg. Chaot. Dyn. (2004)) can be ap-
plied to the Poincaré map of the flow induced
by Hyp. It provides ¢ = 0.045 4+ 0.005 as the
breakdown threshold for the KAM torus corre-
sponding to w. This evaluation is confirmed by
the frequency analisys method as shown in the
following figures.
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Figure above shows that the KAM torus related
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0.04, while it does not
exist when ¢ = 0.05, as shown in figure below.
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TOWARDS NEKHOROSHEV’S THEOREM
(checking the hypotheses)

e For some fixed value of ¢, we prove (in a com-
puter assisted way) that the Hamiltonian can be
lead in the following Kolmogorov’'s normal form
(even with € > 0.02):

HO)V(p,q) = po+ w1p1 +wapo
-I-ffo)(pl,pz,qo,m,qz) :

e Let matrix A be such that 3Ap-p = (L0
T he quasi-convexity property requires that

w-u| > Ajp]| or  Av-v > pljv|?

for some fixed A >0, >0 and Vuv.

e Our statement about the Birkhoff’'s normal
form allows us to extend the quasi-convexity
property to all the normalized part, then we can
apply the Nekhoroshev's theorem. This requi-
res that the action radius p is small enough; the
most demanding restriction is of the type

p<pi/(=logQ)™TT,
where ( is an extremely small quantity.



DIFFUSION TIMES: LOWER BOUNDS

e Finally, we can ensure that the drift in actions
is exponentially small for all times |t| < Ty, with

1 O 1/(7"|‘1)
Ty=CirexpgCrexp |— (—) :
2n \ p

where C1, C> and px are explicitly calculated.
e Consider all the KAM tori related to Diophan-
tine frequency vectors w with 7 = 8 and in a ball
of radius 10719 centered about (1,1/a,a). The
behaviour of T (p) is reported in figure below in
the case € = 0.00004 .
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FINAL RESULT: the coupled forced pendu-
lums with ¢ = 0.00004 is an ‘“effectively stable”
system when the initial condition stay in a sui-
table ball having a radius in actions of about
1010

CONCLUSIONS: PROS & CONS

e [ he approach leading to the superexponential
estimates can produce explicit lower bounds
to the diffusion times.

e [ he constraints about the smallness of the ac-
tions radius are so restrictive that the final esti-
mates cannot (yet) apply to realistic physical
systems.

e Our comparisons clearly points the estimates
in the Birkhoff’s normal form (i.e. the evalua-
tion of p«) as the main source of limitations.



