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DG Tethers fundamentals

In a tethered system, two masses orbiting at different heights share a common orbital

frequencyΩ0 ⇒ The third Kepler law is broken by the tether tension
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DG Tethers fundamentals

Stable equilibrium along the local vertical
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Any deviationθ from the local vertical gives

place to a torque. In effect, the gravity gradi-

ent force breaks down in

• one component along the tether, which

is basically balanced by the tether

tension

• one component orthogonal to the tether,

which provides the restoring torque.

This torque leads the tether again to the

local vertical

Thus, the local vertical is a stable equilibrium

position for the tethered system
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DG Electrodynamic tethers fundamentals

~B

~v
~E

~E = ~v × ~B
q+

q−

Conductive rod

In a frame attached to the rod, a motional elec-

tric field appears

~E = ~v × ~B

It is induced by the magnetic field~B inside

which the rod is moving. For a conductive rod

moving in the vacuum, a redistribution of sur-

face charge takes place, leading to a vanishing

electric field inside the rod. Thus, a steady

state is reached with no motion of charged

particles in the rod.

If the rod is moving inside a plasma environ-

ment, this picture changes drastically
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DG ORBIT CONTROL
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Spiral-out trajectory (left) and orbital radius evolution(right) for a 500 kg spacecraft propelled by a

25 km long 5 cm wide tape tether with simple current control strategy. Escape from Io gravitational field

require less than 5 months, in this case.
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The END of Io Exploration

with Electrodynamic Tethers

◭
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Stability of tethered satellites

at collinear lagrangian points

◮

◭
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DG EQUILIBRIUM POSITIONS AT THE SYNODIC FRAME
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Equilibrium position

with an inert tether
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DG EXTENDED DUMBBELL M ODEL . H ILL APPROACH

VARYING LENGTH INERT TETHER

ξ̈ − 2η̇ − (3 − 1

ρ3
)ξ =

λ

ρ5

{

3Ñ cos ϕ cos θ − ξS2(
Ñ

ρ
)

}

η̈ + 2ξ̇ +
η

ρ3
=

λ

ρ5

{

3Ñ cos ϕ sin θ − ηS2(
Ñ

ρ
)

}

ζ̈ + ζ(1 +
1

ρ3
) =

λ

ρ5

{

3Ñ sin ϕ − ζS2(
Ñ

ρ
)

}

θ̈ + (1 + θ̇)

[

İs

Is
− 2ϕ̇ tan ϕ

]

+ 3 cos θ sin θ =
3Ñ

ρ5

(−ξ sin θ + η cos θ)

cos ϕ

ϕ̈ +
İs

Is
ϕ̇ + sin ϕ cos ϕ

[

(1 + θ̇)2 + 3 cos2 θ
]

=
3Ñ

ρ5
(− sin ϕ[ξ cos θ + η sin θ] + ζ cos ϕ)

whereρ =
√

ξ2 + η2 + ζ2 and the quantityÑ and the functionS2(x) are given by

Ñ = ξ cos ϕ cos θ + η cos ϕ sin θ + ζ sin ϕ, S2(x) =
3

2
(5x2 − 1)
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DG EXTENDED DUMBBELL M ODEL . H ILL APPROACH

λ =

[

Ld

ℓ

]2

· a2

ν2/3
, a2 =

Is

m L2
d

∈ [
1

12
,
1

4
]

where,ℓ is the distance between primaries,ν is the reduced mass of the small primary (usuallyν ≪ 1),

m = m1 + m2 + mT is the total mass of the system andIs is the moment of inertia about a line normal

to the tether by the center of massG of the system;a2 is of order unity and takes its maximum value

a2 = 1/4 for a massless tether with equal end masses (m1 = m2). For a tether of varying length the

parameterλ is a function of time since the deployed tether massmd and the deployed tether lengthLd(t)

are changing. Moreover, some terms of these governing equations involve the ratio:

İs

Is
= 2

L̇d

Ld
Jg, Jg = 1 − Λd (1 + 3 cos 2φ)

(

3 sin2 2φ − 2Λd

) , Λd =
md

m
, cos2 φ =

(

m1

m
+

Λd

2

)

This formulation includes the mass of the tether through theparameterΛd and the mass angleφ. In order

to neglect the tether mass, we only have to introduce the condition Λd = 0 in the above expressions. For a

tether of constant length the parameterλ is also constant and the quotientİs/Is vanishes, that is,

İs/Is = 0. For the sake of simplicity we will assume a massless tether in what follows.
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In the search of equilibrium position we will consider the tether tension given by

T0 ≈ m1 m2

m1 + m2
ω2Ld



ϕ̇2 + cos2 ϕ{(1 + θ̇)2 + 3 cos2 θ} − 1 +
1

ρ3
{3
(

Ñ

ρ

)2

− 1} − L̈d

Ld





This expression has been derived under the following assumptions: 1) inert tether, 2) massless tether, and

3) the Hill approach has been performed. At any equilibrium position,tether tension must be positive
because a cable does not support compression stress and the above expression takes the form

T0 ≈ Tc



cos2 ϕ{1 + 3 cos2 θ} − 1 +
1

ρ3
{3
(

Ñ

ρ

)2

− 1}



 , Tc =
m1 m2

m1 + m2
ω2Ld

We will use this expression for checking the tether tension in a given steady solutions of the equations of

motion; if the tension is positive the equilibrium positionwill exist; if negative, the equilibrium position

will not exist.
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DG VALUES OF λ FOR SUN AND DIFFERENT PLANETS
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DG VALUES OF λ FOR BINARY SYSTEMS IN THE SOLAR SYSTEM
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DG VALUES OF λ FOR BINARY SYSTEMS IN THE JOVIAN WORLD
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DG NON ROT. TETHERS. CONST. L ENGTH . EQUILIBRIUM POSITIONS

Small Primary

L2 E2

Center of mass
G

Sketch of the equilibrium positionE2 in the neighborhood ofL2.

There is another one, similar to this,on the leftof L1.

ξe = ±ρe, ηe = ζe = ϕe = 0, θe = 0, π, λ =
ρ2

e

3

(

3 ρ3
e − 1

)

, ρ3
e > 1/3

This expression can be expanded whenλ ≪ 1 is small and provide the asymptotic solution

ξe ≈ (
1

3
)
1
3 + 3

1
3 λ − 9 λ2 +O(λ3)

The convergence of this serie is poor but, for really small values ofλ the two first terms give a useful

approximation.
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DG NON ROT. TETHERS. CONST. L ENGTH . STABILITY ANALYSIS

A linear stability analysis shows that the equilibrium positions of that family are unstable for

any value ofλ.
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DG NON ROTATING TETHERS. VARIABLE L ENGTH

The idea original of Colombo and Farquhar is as follows: let us assume that the tether length isL and for

that length we have the equilibrium position labeled with(1) in this figure. On the right of such a position,

the system center of massG is acted by a force that impulses it toward the right. By increasing the tether

length up toL(1) = L + ∆(1)L we move the equilibrium position up to the point labeled with(2) in

figure; now the force acting onG impulses it toward the left. Then we decrease the tether length,

L(2) = L(1) + ∆(2)L in order to move the equilibrium position on the left side ofG . . . Thus, by

changing the tether length in an appropriate way the center of massG can bestabilizedand kept in the

neighborhood of the collinear lagrangian pointL2.
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Distances from the small primary and from the collinear point L2 whenλ ≪ 1 (Lc = ℓν1/3)
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DG NON ROTATING TETHERS. VARIABLE L ENGTH

We carried out two different analysis:

• Linear approximation for small values ofλ

• Full problem. Proportional control

We finish the analysis of non rotating tethers pointing to some drawbacks associated with this

kind of control

• Control drawbacks
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DG L INEAR APPROXIMATION FOR SMALL VALUES OF λ

ξ = ξL + 31/3 λ0(1 + u(τ)) , η = 31/3 λ0 v(τ) , λ = λ0(1 + s(τ))

d2 u

d τ2
− 2

d v

d τ
− 9 u(τ) +

9

2

(

3 cos2 θ cos2 ϕ − 1
)

s(τ) +
27

2

(

cos2 θ cos2 ϕ − 1
)

= 0

d2 v

d τ2
+ 2

d u

d τ
+ 3 v(τ) − 9 cos2 ϕ cos θ sin θ (1 + s(τ)) = 0

d2 w

d τ2
+ 4 w(τ) − 9 cos ϕ cos θ sin ϕ (1 + s(τ)) = 0

(1 + s(τ))
d2 θ

d τ2
+

d s

d τ
(1 +

d θ

d τ
) − 2 tan ϕ

d ϕ

d τ

(

1 +
d θ

d τ

) (

1 +
d s

d τ

)

+ 12 cos θ sin θ (1 + s(τ)) = 0

(1 + s(τ))
d2 ϕ

d τ2
+

d s

d τ

d ϕ

d τ
+ (1 + s(τ)) sin ϕ cos ϕ

[

(

1 +
d θ

d τ

)2

+ 12 cos2 θ

]

= 0

s(τ) = e−β τ (A cosΩτ + B sinΩτ)
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DG FULL PROBLEM . PROPORTIONAL CONTROL

The length variationλ(τ) is governed by a proportional control law:

λ = λe +
∑

Ki (xi − xe,i)

whereKi are gains andxi stands for the variablesξ, η, θ.

d y

d t
= My

whereyT =
{

δξ, δη, δθ, δξ̇, δη̇, δθ̇
}

.

The detailed stability analysis of this equation is cumbersome. Nevertheless, we firstly consider the simpler

case in which only one gainKξ is different from zero. The characteristic polynomial takes the form:

s3 +

[

3 Kξ

ξ4
e

−
(

2 − 4

ξ3
e

)]

s2 +

[(

6 Jg + 27

ξ4
e

+
6

ξ7
e

)

Kξ −
(

105 − 6

ξ3
e

+
4

ξ6
e

)]

s+

+6

[(

9

ξ4
e

− 3

ξ7
e

)

Kξ −
(

45 +
9

ξ3
e

− 2

ξ6
e

)]

= 0
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DG FULL PROBLEM . PROPORTIONAL CONTROL

The Descartes rule of signs providesa sufficient condition for stability to be fulfilled byKξ . Such a

condition is drawn in figure as a function of the equilibrium valueλe for a massless tether (Jg = 1).
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Sufficient condition forKξ to stabilize the system as a function ofλe. Values over the curve (Kξ > K∗
ξ )

provide stability.
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DG CONTROL DRAWBACKS . TETHER LENGTH
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DG CONTROL DRAWBACKS . TETHER TENSION
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To avoid the zero tension problem (slack tether) is the most strong requirement of this control strategy
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ξe = ±ρe, ηe = ζe = 0, λe =
4ρ5

e

3

(

3 − 1

ρ3
e

)

, ρ3
e > 1/3

For small values ofλ the above solution provides the asymptotic solution

ξe ≈ (
1

3
)
1
3 + 3

1
3

λ

4
− 9 (

λ

4
)2 +O(λ3)

Comparing with the same results for a non-rotating tether

ξe = ±ρe, ηe = ζe = 0, λ =
ρ2

e

3

(

3 ρ3
e − 1

)

, ρ3
e > 1/3

ξe ≈ (
1

3
)
1
3 + 3

1
3 λ − 9 λ2 +O(λ3)
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DG ROTATING TETHERS . PROPORTIONAL CONTROL

λ = λe + Kξδξ + Kξ̇δξ̇ + Kηδη + Kη̇δη̇

Through the Routh-Hurwitz theorem, it has been found thatasymptotic stability is guaranteed if the gains

of the control law satisfy the relations

Kξ ≥ 4

3
ρe
(

15ρ3
e − 2

)

Kξ̇ > 0 Kη = 0 Kη̇ = 0

We carried out two simulations of a rotating tether with different values ofKξ andKξ̇ in order to see the

qualitative behavior of the system. The characteristics ofthe simulations are:

λe = 0.0401 (ξe = 0.707); ξ0 − ξe = 10−3, ηe = 10−3; Ω⊥ = 50.
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The END of
Stability of tethered satellites

at collinear lagrangian points

◭
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DG Tethered family of Lyapunov orbits: unstable
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characteristic lenghtλ = 1 (dotted).(C is the Jacobi constant)
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• Left: Stability-period diagram of the family of Halo orbitswith C = 1.07 for tether’s length variations.

Right: stable (full line) and unstable (dashed) Halo orbitsof the Hill problem.(C is the Jacobi constant)
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• Stability-period diagram of the family of Halo orbit withC = 1.15 for tether’s length variations. Right:

unstable Halo orbits of the Hill problem (red and magenta) and stable (blue) Halo orbits with a tethers

characteristic lengthλ = 0.0052. (C is the Jacobi constant)
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• Stability-period diagram of the family of Halo orbit withC = 1.2 for tether’s length variations. Right:

unstable Halo orbits of the Hill problem (red and magenta) and stable (blue) Halo orbits with a tethers

characteristic lengthλ = 0.009. (C is the Jacobi constant)
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• Stability-period diagram of the family of Halo orbit withC = 2 for tether’s length variations. The

horizontal, gray lines mark the critical valuesk = ±2 in thearcsinh scale.(C is the Jacobi constant)
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