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@‘}Q | Tethers fundamentalsl

In a tethered system, two masses orbiting at different heigjmare a common orbital
frequencytlg = The third Kepler law is broken by the tether tension

g2 | T

T2




@é@ | Tethers fundamentalsl

‘ Stable equilibrium along the local verticall

Any deviationd from the local vertical gives
place to a torque. In effect, the gravity gradi-
ent force breaks down in

® one component along the tetheshich
IS basically balanced by the tether
tension

® one component orthogonal to the tether,
which provides the restoring torque
This torque leads the tether again to the

Local Vertical local vertical
\ 4 Thus, the local vertical is a stable equilibrium
3mQ§d position for the tethered system
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‘ Electrodynamic tethers fundamentalﬂ

Conductive rod

In a frame attached to the rod, a motional elec-
tric field appears

—

E =9x B

It is induced by the magnetic field inside
which the rod is moving. For a conductive rod
moving in the vacuum, a redistribution of sur-
face charge takes place, leading to a vanishing
electric field inside the rod. Thus, a steady
state is reached with no motion of charged
particles in the rod.

If the rod is moving inside a plasma environ-
ment, this picture changes drastically
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@‘éQ |ORBIT CONTROL I
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Spiral-out trajectory (left) and orbital radius evolutifmght) for a 500 kg spacecraft propelled by a
25 km long 5 cm wide tape tether with simple current contnatsgy. Escape from lo gravitational field
require less than 5 months, in this case.
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Stability of tethered satellites
at collinear lagrangian points
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@é@ | PREVIOUS ANALYSIS I

e The Stabilization of an Artificial Satellite at the Inferi@onjunction Point of the Earth-Moon System
G. Colombo, Smithsonian Astrophysical Observatory Special Report®0p.November 1961

e The Control and Use of Libration-Point Satellitd®. W. Farquhar, NASA TR R-346, September 1970.
pp. 89-102

e Tether Stabilization at a Collinear Libration PoiR. W. Farquhar, The Journal of the Astronautical
Sciences, Vol. 49, No. 1, January-March 2001, pp. 91-106.

e Dynamics of a Tethered System near the Earth-Moon Lagrargonts A. K. Misra, J. Bellerose, and
V. J. Modi, Proceedings of the 2001 AAS/AIAA Astrodynamics Specidlishference, Quebec City,
Canada, Vol. 109 of Advances in the Astronautical Scier2@82, pp. 415-435.

e Dynamics of a multi-tethered system near the Sun-Earthdragjan poinf B. Wong and A. K. Misra,
13th AAS/AIAA Space Flight Mechanics Meeting, Ponce, Paé&tico, February 2003, Paper No.
AAS-03-218.

e Dynamics of a Libration Point Multi-Tethered SystéBnWong and A. K. Misra, Proceedings of 2004
International Astronautical Congress, Paper No. |IAC-08-809.
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Equilibrium position
with an inert tether

Dynamics and Stability of Tethered Satellites at Lagramgiaints— p. 64/100



@6@ |EXTENDED DuMBBELL MODEL. HILL APPROACH I

VARYING LENGTH INERT TETHER
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wherep = /€2 + 12 + ¢2 and the quantityV and the functiorS> () are given by

3
= £cospcosf + ncospsinb + ( sin @, 52($)=§(5$2_1)
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@‘é@ |EXTENDED DuMBBELL MODEL. HILL APPROACH I

\_ [ La 2 a I 1 1
B mL2 ~'1274

where,/ is the distance between primariesis the reduced mass of the small primary (usualkg 1),

m = m1 + mo + m7 IS the total mass of the system ahdis the moment of inertia about a line normal
to the tether by the center of maSsof the systemas is of order unity and takes its maximum value

az = 1/4 for a massless tether with equal end masses £ m3). For a tether of varying length the
parameten\ is a function of time since the deployed tether magsand the deployed tether lengihy (¢)
are changing. Moreover, some terms of these governing iegsanvolve the ratio:

I, L A (1 -+ 3cos? A
Lophiy, oo Alpsesd) o m o, (m )
m

(3 sin® 2¢ — 2Ad) ’

This formulation includes the mass of the tether throughptimameter\ ; and the mass angt& In order

to neglect the tether mass, we only have to introduce theitond\; = 0 in the above expressions. For a
tether of constant length the parametas also constant and the quotie{i‘;t/ I; vanishes, that is,

fS/IS = 0. For the sake of simplicity we will assume a massless tetheshiat follows.
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@é@ |EXTENDED DuMBBELL MODEL. HILL APPROACH I

In the search of equilibrium position we will consider ththes tension given by

. 1 N i
Ty &2 MchLd @2 + cos? p{(1 +6)% +3cos? 0} — 1+ {8 — ] —1}- —d
m1 + m2 p P Lg

This expression has been derived under the following asson 1) inert tether, 2) massless tether, and
3) the Hill approach has been performed. At any equilibriosion,tether tension must be positive
because a cable does not support compression stress armbtieecxpression takes the form

<\ 2
1 N
To ~ T | cos® {1 +3cos? 6} — 1 + — {3 (—) — 1}, T = MwQLd
P P mi + m

We will use this expression for checking the tether tensmoa given steady solutions of the equations of

motion; if the tension is positive the equilibrium positiaill exist; if negative, the equilibrium position
will not exist.
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@é@ |VALUES OF )\ FOR BINARY SYSTEMS IN THE SOLAR SYSTEM I
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@‘g ‘VALUES OF A FOR BINARY SYSTEMS IN THE JOVIAN WORLD I
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‘NON ROT. TETHERS. CONST. LENGTH. EQUILIBRIUM POSITIONS I

Center of mass
G

@)
@)

O

Small Primary l
LQ E2

Sketch of the equilibrium positioRs in the neighborhood of 5.

There is another one, similar to tham the leftof ;.

2
e = Lpe, Ne = Ce = pe = 0, 0 =0,m, A:%(&Og—l): ,02>1/3

This expression can be expanded wheg 1 is small and provide the asymptotic solution
1
£o ~ (g)% +33 X =922+ O3

The convergence of this serie is poor but, for really smdilles of \ the two first terms give a useful
approximation.
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@é@ |NON ROT. TETHERS. CONST. LENGTH. STABILITY ANALYSIS I

A linear stability analysis shows that the equilibrium piosis of that family are unstable for
any value of).
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25 ‘ ‘
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Real part of the unstable eigenvalue as a functiok of
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@é@ | NON ROTATING TETHERS. VARIABLE LENGTH I

The idea original of Colombo and Farquhar is as follows: &assume that the tether lengthlisnd for
that length we have the equilibrium position labeled with in this figure. On the right of such a position,
the system center of maésis acted by a force that impulses it toward the right. By iasieg the tether
length up toL(1) = L + A1) L. we move the equilibrium position up to the point labeled w2l in

figure; now the force acting o impulses it toward the left. Then we decrease the tethetheng

L) = 1) 4+ AP [ in order to move the equilibrium position on the left sidg®f. . Thus, by

changing the tether length in an appropriate way the ceft@assG can bestabilizedand kept in the
neighborhood of the collinear lagrangian paii.

@
1 (1)) i\(2)

G
Distances from the small primary and from the collinear pdip when\ < 1 (L. = ¢v1/3)
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@6@ | NON ROTATING TETHERS. VARIABLE LENGTH I

We carried out two different analysis:
e Linear approximation for small values af

e Full problem. Proportional control

We finish the analysis of non rotating tethers pointing to salrawbacks associated with this
kind of control

e Control drawbacks
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@‘g | L INEAR APPROXIMATION FOR SMALL VALUES OF )\I

E=¢r +33 00 +u(n), n=3Y3x0v(r), A=Xo(1+s(1))
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@‘g | ONE DIMENSIONAL MOTION I
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B = 0.5, Q2 = 1.5, for the initial conditionsug = 0.15 andug = 0. The nominal tether length i6 = 1000 km
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BI-DIMENSIONAL MOTION
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@é@ |FULL PROBLEM . PROPORTIONAL CONTROL I

The length variation\(7) is governed by a proportional control law:

A= Ae + Z K; (xz - xe,z’)
whereK; are gains and; stands for the variables n, 6.

dy
g — M
dt &

wherey? = {5g, 5, 86, 6€, 87, 59’}.
The detailed stability analysis of this equation is cumbers. Nevertheless, we firstly consider the simpler
case in which only one gaift¢ is different from zero. The characteristic polynomial takiee form:

o[ ()] (08 (o))

9 3 9 2
w6 (ag) ke (8 g )] =0
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@é@ |FULL PROBLEM . PROPORTIONAL CONTROL I

The Descartes rule of signs providesufficient condition for stability to be fulfilled by K¢. Such a
condition is drawn in figure as a function of the equilibriuadue ). for a massless tethey§ = 1).

5

4.5¢ .

K¢ 35l :

10 10 10

Sufficient condition fork ¢ to stabilize the system as a function)of. Values over the curvei{(s > Kg)
provide stability.
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15/ 0 //

A¢ ©
Maximum and minimum tether tension vs. the
initial perturbationA¢ for A\e = 10~2.

Zero tether tensiol\¢ vs. e (blue line).
Zero tether lengtlA¢ vs. A (red line).

To avoid the zero tension problem (slack tether) is the ntoshg requirement of this control strategy
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@é@ ‘ ROTATING TETHERS . EQUILIBRIUM POSITIONS I

402 1
Sezipe, n€:C€:O7 >\€: ge (3_10_3)’ p2>1/3

e

For small values of the above solution provides the asymptotic solution
A A

Z—9(5)2 4+ 00
PERICYRRN IO

Comparing with the same results for a non-rotating tether

2
p
fe =Epe, Me=Ce =0, /\=§(3p2—1>, pe > 1/3
1.1 > 2 3
gem(§)3+33)\—9)\ + OO?)
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@é@ | ROTATING TETHERS . PROPORTIONAL CONTROL I

A= Ae + K¢06 + Kg-ég' + Ky6n + K67

Through the Routh-Hurwitz theorem, it has been found disgmptotic stability is guaranteed if the gains
of the control law satisfy the relations

4
K§25p6(15p‘2—2) K;>0 K;=0 K;=0

We carried out two simulations of a rotating tether with elifint values o, anng- in order to see the
gualitative behavior of the system. The characteristidh@fsimulations are:
Ae = 0.0401 (€. = 0.707); €9 — € = 1073, ne = 1073; Q2 = 50.
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|SIMULATIONS I

1 \ _— /

-3 I I I I I I -1 . I
0./7055 0.706 0.7065 0.707 0.7075 0.708 0.7085 0.709 09065 0.707 0.7075 0.708

5& J3

Ae = 0.0401 (€. = 0.707); €0 — € = 1073, . =103, Q, =50
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I
@@ |SIMULATIONS I
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ARIADNA PROGRAM

The END of
Stability of tethered satellites

at collinear lagrangian points
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‘ Lyapunov orbits I
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e Left: sample orbits of the family of Lyapunov orbits arouhg (dashed) and.» (full line) for, from
larger to smallerC' = —1,0, 1, 2, 3, 4. Right: stability-period diagram of the family of Lyapunovbits
of the Hill problem. Note thercsinh scale used for the stability curvg€. is the Jacobi constant)D
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e Left: stability-period diagram of the family of Lyapunoviots with Jacobi constadt’ = —0.408295
for tether’s length variations; the horizontal gray linesrespond to the critical valuéds= +2 (in the
arcsinh scale). Rigth: Hill’s problem Lyapunov orbid(= 0, full line) and an orbit with a tehter’s
characteristic lenght = 1 (dotted).(C' is the Jacobi constant) =
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@é@ ‘ Tethered family of Lyapunov orbits: unstablel
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e Left: stability-period diagram of a family of Lyapunov otBiclose tal.o for tether’s length variations;
the horizontal gray lines correspond to the critical valbes £2 (in thearcsinh scale). Rigth: starting
orbit (A = 0, full line) and an orbit withA\ = 0.1 (dotted).(C' is the Jacobi constant)
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@é@ ‘ Family of eight-shaped orbitsl
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e Left: sample eight-shaped orbits f6r = 2 (red), 1 (magenta), and (blue). Right: stability-period
diagram of the family of eight-shaped orbits of the Hill plat. (C' is the Jacobi constant)
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@é@ ‘ Tethered family of eight-shaped orbitsl
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o Left: stability-period diagram of a family of eight-shapeeriodic orbits with constant’ = 2 for
tether’s length variations; the horizontal gray lines espond to the critical valuéds= +2. Rigth: stable
orbits forA = 0.2 (left) A = 0.215 (center), and unstable orbit of the Hill probleta £ 0, right). (C'is
the Jacobi constant)
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e Left: stability-period diagram of a family of eight-shapeeriodic orbits with constant’' = 2.7 for
tether’s length variations; the horizontal gray lines espond to the critical valugs= +2. Right: stable
orbits forA = 0.17 (left, black) A = 0.184 (center, blue), and unstable orbit of the Hill problei=£ 0,

right). (C'is the Jacobi constant) —
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‘ Family of Halo orbits I
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e Left: stability-period diagram of the family of Halo orbitd the Hill problem. Right: sample stable orbit
for C' = 1.08 (the blue and red dots linked by a gray line are the origin Axngboint, respectively)(C is

the Jacobi constant)
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Stability indices
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e Left: Stability-period diagram of the family of Halo orbiath C' = 1.07 for tether’s length variations.
Right: stable (full line) and unstable (dashed) Halo orbitthe Hill problem.(C' is the Jacobi constant)
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Stability indices
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e Stability-period diagram of the family of Halo orbit with" = 1.15 for tether’s length variations. Right:
unstable Halo orbits of the Hill problem (red and magental) stable (blue) Halo orbits with a tethers
characteristic length = 0.0052. (C'is the Jacobi constant)
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e Stability-period diagram of the family of Halo orbit with" = 1.2 for tether’s length variations. Right:
unstable Halo orbits of the Hill problem (red and magental) stable (blue) Halo orbits with a tethers

characteristic length = 0.009. (C'is the Jacobi constant)
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e Stability-period diagram of the family of Halo orbit with’ = 2 for tether’s length variations. The
horizontal, gray lines mark the critical valuks= £2 in thearcsinh scale.(C' is the Jacobi constant)
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